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|- — , Let A: be a field with q elements, and let k be an algebraic closure. Let further F = k((t)), 

L = k((t)) and a the Frobenius morphism of L/F. Thus ai^2,a n t n ) = 'S~2 i a{a n )t n . Denote 
the valuation on L by vl and the ring of integers in F by Of = k[[t]]. Let G be a split 
connected reductive group over k, and let T be a split maximal torus in G. Let W be the 
corresponding affine Weyl group, and let I C G(L) be an Iwahori subgroup corresponding 
■ to an alcove in the apartment of the Bruhat-Tits building of G, associated to T. Then a 

Bruhat decomposition of G{L) is given by G(L) = U^eiy FwL 

In [Ra], for every b G G(L) and w G W, the affine Deligne-Lusztig variety inside the 
affine flag manifold G(L)/I of G is defined by 

^> ! X w (b) = {xl G G(L)/I: x" 1 ba{x) G Iwl}. 

^ | It is a locally closed subset of G(L)/I, and one provides it with the reduced induced sub- 

Ind-scheme structure. In fact, it is a scheme locally of finite type, defined over k. Up 
to isomorphism, it depends only on the u-conjugacy class {g~ 1 ba(g) : g G G(L)} of b: 
if b' = g^ 1 ba(g), then x h-> g~ l x is an isomorphism X w (b) — ► X w (b'). The subgroup 
Jb = {g G G(L) : g^baQ)) = b} of G(L) acts by left multiplication on X w (b). If b, c G G(L) 
are cr-conjugate, then the groups Jb and J c are conjugate. The action of Jb on X w (b) induces 
an action of Jb on the Z-adic cohomology of X w (b) with compact supports. 

The aim of this work is to compute the induced representations of Jb on these cohomology 
groups for G = GL 2 - Consider the diagonal torus T C GL 2 , the standard Iwahori subgroup 
I C GL 2 (L) and the natural embedding SL 2 C GL 2 . Let W a denote the affine Weyl group 
of SL 2 (L) corresponding to the torus T SLi = T n SL 2 . The extended affine Weyl group 
W of GL 2 {L) is given by a split extension W = W a x Z. We choose a splitting by sending 

)v 

Now fix a 6 G GL 2 (L) and u> G V^. Since the valuation of the determinant of all matrices 
in / is zero, Xr WjV \(b) ^ implies v = t>£,(det(6)). We write X w (b) := X( W VLOdet ( b ))(b). As 
already mentioned, X w (b) depends up to isomorphy only on the <r-conjugacy class of b. 
Further if c is in the center of GL 2 (L), then we have X w (b) = X w (cb) for all w G W a 
(Lemma 12. 18[) . All in all, we have only three essentially different cases for b in which we 
determine X w (b) explicitly together with the action of Jb- The three cases are presented 
in Table [TJ In each of these cases, for all w G W a such that X w (b) ^ (except for some 
special values of w, see below), we have the Jfe-equivariant isomorphisms: 
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v G Z to 
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(1-1) X w (b)= U 5 ' 

where S is a smooth connected variety whose dimension depends on £(w) and b, and 
is a subgroup of J&, where m G {0, 1} depends on w. The group J;, acts by permuting the 
connected components and is the stabilizer of one of them. All these objects for the 

three different cases are collected in Table [TJ 

We set b\ := ( For m G {0, 1} we write g m := ( n xm \- Further, let D denote 

the quaternion division algebra over F, containing the unramified extension of F of degree 
two, and Ud the unit subgroup of its valuation ring. 




Table 1. Affine Deligne-Lusztig Varieties for GL<i 



b 


X w (b) + if 


Jb 




S 


1 


£{w) > odd 


GL 2 (F) 


g m GL 2 (o F )g- 1 


A 2 x(P 1 -P 1 (fc)) 


(o t-)' a>0 


£{w) - a > odd 


T{F) 


T(o F ) 


£(w)— a— 1 , 

A 2 x(P 1 -{0,oo}) 


h 


£{w) even 


D x 







The special cases excluded in this table are: 
(i) b- 




(ii) b = [ g , a > 0, u; such that ^(u>) = a. 

In all these special cases the variety X w (b) is a disjoint union of points. The precise state- 
ments are Propositions 14.121 14.131 and 14.151 

Now we turn to the cohomology. Therefore, we make a base change to k and denote 
X w (b) Xg pec fc Spec A; by X w {b). The schemes X w (b) are locally of finite type, but not of 
finite type. In our case the X w (b) are disjoint unions of schemes of finite type. Therefore, 
we take the cohomology with compact supports which commutes with colimits. Thus the 
cohomology groups of X w (b) are direct sums of the cohomology groups of the connected 
components. The groups Jb and T := G&l(k/k) act on H*(X w (b), Qj) in a natural way. 
The group Jb is in every case locally profinite and the representations H*(X w (b),Qi) are 
smooth. If we consider in the following a representation of a locally profinite group, then 
we mean a smooth representation. 

Consider first the case b = 1 and let 1 ^ w G W a such that X W {1) 7^ 0. Put G := J\ = 
GL2(F) and K := k[ ^ = GL2(of)- Assume for simplicity that m G {0,1} corresponding 
to this w equals (compare (|1.1|) ). Consider the representation 

St = mf^ L2(fc) St Gi2(fc) 
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where St Gi2 ( fc ) denotes the Steinberg representation of GL 2 (k) and we inflate with respect 
to the natural projection K = GL 2 (of) —» GL 2 (k). We prove (Proposition I5.4( ) that there 
are the following isomorphisms of G x T-modules: 



H r c {X w {l) 



Drinfeld upper halfplane f2| 



c _I nd Gst ( %^l ; 



c-indgw^; 



if r 

if r = £(w) + 1, 
else. 
The idea of the proof is to reduce the cohomology of X w (l) to the cohomology of the 

1)1 (k) and the action of K[ m ^ to the action of the finite 



group GL 2 {k) on O^. 

To investigate these representations, we consider the T-modules HomG(H*(X w (T), Qj),7r) 
where tt ranges over smooth irreducible representations of G. As shown in [BH], there are 
two types of such representations: the cuspidal and the noncuspidal ones. First of all, there 
are no nonzero morphisms into cuspidal representations. The noncuspidal (irreducible) 
representations are of one of the following types: Ind^ %, where x ranges over all character 
of the diagonal torus (with some nonrelevant exceptions) and B is the Borel subgroup of 
upper triangular matrices; (j) G = <j) o det and <p ■ St G where 4> ranges over all characters of 
F x . A character of T(F) resp. of F x is said to be unramified, if it is trivial on T(of) resp. 
on o F . 

Theorem 1.1. Let 1 ^ w £ W a such that X w (l) ^ 0. 
(i) Let x be a character ofT(F). Then 



(ii) Let (f> be a character of F x . Then 




if x unramified, 
else. 



Q;( 3 2 ) if (f> unramified, 







else 



(iii) Let be a character of F x . Then Rom G {H e c {w)+1 {X w (l), Q,), 4> • St G ) = 0. 

(iv) Let it be a cuspidal representation ofG. Then Hom G (Hc^ +1 (X w (l), Q;), n) 

Theorem 1.2. Let 1 / w G W a such that X w (l) ^ 0. 
(i) Let x be a character ofT(F). Then 



Bom G (H e c ( w \x w (l), Q,), Indg x) 



l-l(tu) ' 

2 







z/ x unramified, 
else. 



(ii) Zei be a character of F x . Then Bom G (H e c (w) (X w (l), Q,), G ) = 0. 

(iii) Lei (J) be a character of F x . Then 



Hom G ( J F/ c ^)(^(l),Q / )>-St G ) = < 



2 ) if (p unramified, 
else. 
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(iv) Let ir be a cuspidal representation of G. Then Home (Hc^ w \x w (I), <Q>i),7r) = 0. 

The essential ingredient in the proof of these Theorems (as well as the corresponding 
Theorems for b 7^ 1) is the Frobenius reciprocity ( [BH] 2.4-5) which one has to apply 
several times. 

Let now b = ^ ^\ with a > and w S W a with £(w) > a such that X w (b) ^ 0. We 

have: J b = T{F) = T{o F ) x Z 2 . The groups H r c {X w (b)M) are zero for r / £(w)-a,£(w) - 
a + 1. For r = £{w) — a, £(w) — a + 1, we have an isomorphism of T(i ? )-representations: 

H r c (T w (b),%) ^c-lxid^l^. 

In particular, T(of) acts trivial on H r c (X w (b), Qj), and this representation is inflated from 
the regular representation o£T(F)/T(of) = Z 2 (Theorem 15. 13|) . Thus the only information 
encoded in these representations is the action of Jb on the set of the connected components 
of X w (b) by permutation. A similar situation occurs also in the next case. An analogous 
result is proven for the groups SL%, SL3 in [Zb]. 

Let now b = b\ = ^ ^ j , and let w G W a be such that X w (b\) 7^ 0. Then = D x is 

the multiplicative group of the quaternion division algebra D over F, and 



11, 



U D L Qi\ 2 

else. 



are isomorphisms of D x x T- modules. 

For any character x of F x let xd = X det be a character of D x . These are all one- 
dimensional representations of D x ( [BH] 53.5). Let further KL denote the regular repre- 
sentation of D x /Ud = Z. 

Theorem 1.3. Let w G W a such that X w (bi) ^ 0. Then 

H^\X w {b x )Ml)=^T KL, 

as D x -representations. 

(i) Let x be a character of F x . Then 



l( — ^) if x unramified, 
else. 



Rom DX (H^\X w (h),Qi),XD) = 
(ii) Let ir be an irreducible representation of D x of dimension > 2. Then 

Rom D ,(H^ w \X w (bi),Qi)^) = 0. 
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2. AFFINE DELIGNE-LUSZTIG VARIETIES INSIDE THE AFFINE FLAG MANIFOLD 

2.1. Notations. 

Let A; be a field with q elements, and let k be an algebraic closure of k. Let a denote 
the Frobenius morphism of k/k. We set F = k((t)) and L = k({t)). We extend a to 
the Frobenius morphism of L/F. Thus ai^2,a n t n ) = ^<r(a n )t n . We write o = k[[t]] and 
Of = k[[t]] for the valuation rings of L and F, and p and p^ for their maximal ideals. 
Furthermore, we denote the valuation on L by vl- 

2.2. The Bruhat-Tits building. 

In this subsection, we recall the Bruhat-Tits buildings of the groups SL2 (L) and SL2 (F), 
and prove some facts about them which we will need later on. A detailed discussion can be 
found in [Br], chapters 4 and 5. 

Let ~ be the equivalence relation on the set of all o-lattices in L 2 given by £ ~ £' if and 
only if there is a scalar c G L with c£ = £'. 

Definition 2.1. The Bruhat-Tits building OSqo of SL2(L) is the one- dimensional simplicial 
complex such that 

(i) its O-dimensional simplices (vertices) are equivalence classes under ~ of o-lattices 
£ C L 2 ; 

(ii) two vertices are connected by a 1-dimensional simplex (alcove) if and only if there 
are representatives £0, £1 of them, such that t£\ C £ C £ ± . 

Then 03oo is a tree (a graph in which every two vertices are connected by exactly one 
path) with infinitely many vertices and infinitely many alcoves containing a fixed vertex. 
One can accomplish the same construction with F and p instead of L and l • We denote 
the simplicial complex arising from this construction by 03 1. It is the Bruhat-Tits building 
of SL<2(F). It is again a tree with infinitely many vertices. For a fixed vertex there are 
exactly q + 1 alcoves containing it. We see 03i as a subset of 03^, by sending an o^-module 
£ C F 2 to £ <S) 0f C L 2 . Further a acts on 03^, and 03i are exactly the fixed points. 

Definition 2.2. Let £ be a o-lattice in L 2 , and let m £ Z be such that A 2 £ = t m o. The 

type of the vertex represented by £ is 

if m is even, 

< 

1 if m is odd. 

Since scalar multiplication changes this integer by some even number, the Definition is 
independent of the choice of the representing lattice. 

Definition 2.3. 

(i) A gallery in OSqo is a sequence (Co, Ci, C n ) of alcoves such that Cj and Cj+i 
are adjacent (i.e. have a common vertex) for every < i < n — 1. A gallery is 
non- stuttering if Ci 7^ Cj+i for all i. 

(ii) The length of the gallery T = (Co, C, C n ) is defined as 

£{T) = n. 
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(Hi) If T = (Co, C\, C n ) and V = (C' ,C' 1 ...,C' m ) are two galleries such that C n ,C 
are adjacent, then the composite gallery is 

(r, r') = (Co, Ci..., c n , c' Q , c[..., c' m ). 

(iv) The inverse gallery ofT = (Co, C±, C n ) is the gallery 

r 1 = (c„, c n _i..., Co). 

If r, r' are galleries, then the length of the composed gallery (r, V) is given by 

e{r,r') =£{T)+e(r') + 1. 

For every two alcoves C, D in 23oo resp. 03i there is a gallery of minimal length containing 
them both and having C as the first alcove. Since Q3oo resp. Q3i is a tree, this gallery is 
unique. 

Definition 2.4. A gallery V = (Co, C\..., C n ) is called minimal if it is the minimal gallery 
connecting Cq and C n . 

Definition 2.5. Let V = (Co, C±, C n ) be a gallery in 25oo- A first vertex ofT is a vertex 
of Cq which satisfies the following condition: 

(*) It is not a vertex of C\ if n > and Cq ^ C\. 
A last vertex ofT is a first vertex of the inverse gallery T -1 . 

This means the following: if ^(r) = or £(T) > and Co = Ci, then every vertex of 
its first alcove is a first vertex of T. If £(T) > and Co 7^ C±, then T has a unique fisrt 
vertex: it is the vertex of Co which is not a vertex of C\. In particular, every gallery has at 
least one first resp. last vertex. If a gallery has more than one alcove, and is minimal, then 
the first resp. last vertex is unique. We say that a gallery contains a vertex if it contains 
an alcove which has this vertex as one of its faces. Since QSqo is a tree, there is a unique 
gallery with minimal length, containing a vertex P and an alcove C of 53 00, and having P 
as a first vertex. Analogously, there is a unique gallery of minimal length, containing two 
distinct vertices P, Q of 55 00, and having P as a first vertex. Such galleries are minimal in 
the sense of Definition 12.41 

If P, Q are some simplices in 23 oo, then we say that a gallery T is stretched from P to Q 
if r is minimal and has P resp. Q as a first resp. last vertex or alcove. 

Definition 2.6. 

(i) The distance between two alcoves C, D in 23oo is the length of the gallery stretched 
from C to D. 

(ii) The distance between a vertex P and an alcove D in 23oo is the length of the gallery 
stretched from P to D. 

We will need the following characterisation of minimal galleries: 

Lemma 2.7. 

(i) A gallery V = (Co, C±, C n ) in 03^ resp. in 23i is minimal if the following condi- 
tions hold: 
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(a) r contains no alcove twice. 

(b) For every alcove Ci with < i < n the following holds: if P, Q are the two 
vertices of Ci, and P is a vertex of Cj_i, then Q is a vertex of Ci + \. 

(ii) Let T = (Co, C\, C n ), V = (Cq, C[..., C' m ) be two minimal galleries such that C n 
and C are adjacent. Then the composite gallery (T, V') is minimal if the following 
conditions hold: 

(c) r, r' have no common alcoves. 

(d) A last vertex ofT is a first vertex ofV. 

Proof. The proofs for 25oo and 25i are the same, thus we restrict ourselves to the case of 
25oo. At first we prove (i). We proceed by induction. The cases £(T) = and £(T) = 1 are 
trivial. Assume now that (a) and (b) imply minimality for every gallery of length < n with 
n > 1. Let T = (Co, Ci..., C n+ \) be a gallery satisfying the conditions (a) and (b). Then the 
gallery Ti = (Co, C\, C n ) satisfies these conditions, too and is minimal by the induction 
hypothesis. Now, removing the alcove C n (without vertices) from 25 oo, divides 25 oo in two 
connected components, both of which are trees. By (a), the alcoves C„_i, C n , C n+ \ are 
pairwise distinct and by (b), the alcoves C n _i, C n+ i are not adjacent (otherwise C n _i, C n , 
C„,+i would give a non-trivial cycle) and thus C n _i, C n +i lie in different connected compo- 
nents, described above. By minimality of Fi, the gallery (Co, Cl, C n _i) does not contain 
C n . Thus Co lies in the same connected component as C n _i. Thus every gallery connecting 
Co with C n+ i contains C n . This holds for the unique gallery T m i n stretched from Co to 
C n+ i, and thus it will have the form T m i n = (Co, D\, D r , C n , D r+ i..., D s , C n+ i). Hence 
(Co, D\, D r , C n ) and (C n , D r+ i, D s , C n +i) are minimal. But Ti = (Co, Ci, ...C„) is 
minimal and C n , C n+ \ are adjacent, thus T m i n = (Co, C±, ...C n , C n+ \) = V. Hence T is 
minimal. 

To prove (ii) we notice first that from (c) and minimality of T, T' the condition (a) of part 
(i) for the composed gallery (r, T') follows. The condition (b) is also clear for all alcoves of 
(r,r') except for C n and C' Q . If -£(r) = 0, then the condition (b) for C n is empty. Assume 
that £(T) > 0. Then, since T is minimal, its last vertex is unique: it is the vertex P of C n 
which is not a vertex of C n -\. Now by (d), P is a common vertex of C n and C . This is 
exactly the condition (b) of (i) for the alcove C n . The verification of the condition (b) for Cq 
can be done similarly (one can also invert all involved galleries and use above considerations 
again). □ 



the standard Iwahori subgroup of SL,2(L). 

The groups SL2{L) and GL,2(L) act transitively on the set of the alcoves of 25 qq. Further 
SL2{L) acts transitively on all vertices with the same type m in 25^ (Lemma I4.10p . and 



Let 




be the standard Iwahori subgroup of GL,2(L), and 

I SL * =Ir\SL 2 (L) 
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GL 2 (L) acts transitively on the set of all vertices. One has an obvious base vertex of type 
represented by o © o with stabilizer SL 2 (o), resp. GL 2 (o). 

Definition 2.8. Let C M denote the base alcove, represented by o © to C o © o. 

The stabilizer of C M under the action of SL 2 {L) is I s Li . Let T be the diagonal torus of 
GL 2 , and T Sh2 = T n SL 2 the diagonal torus of SL 2 . Let further N S l 2 (T SL2 ) denote the 
normalizer of T SLj2 in SL 2 . Then we define: 

Definition 2.9. 

(i) The standard apartment Am is the minimal full subcomplex of 55^ whose alcoves 
lie in the N S l 2 (T SL2 )(L)- orbit of C M . 

(ii) The affine Weyl group of SL 2 (L) is the group 

W a = N SL2 (T SL2 )(L)/(T SL *)(o). 

One has T SLj2 (o) = Nsl 2 (T sl ' 2 )(L) n I SL2 . Thus W a acts simply transitively on the set 
of the alcoves in the standard apartment. By the choice of the alcove C M , we identify W a 
with Am- Furthermore we number the alcoves in Am by integers and call the i-ih alcove 

C l M such that C l M is represented by offit* +1 o C office Then I ^ I corresponds under 



the above identification to C M and [ j n ) corresponds to C M 1 for i G 



f 
? 

The group W a is a Coxeter group on two generators of order two with no further relations. 
Let l(w) denote the length of the element w G W a . If wC M = C l M , then l(w) = \i\. 
We have a Bruhat decomposition of SL 2 (L): 

SL 2 (L) = [j I Sh2 wI SL2 . 

wew a 

Definition 2.10. The relative position map on the set of the alcoves is 

inv : SL 2 {L)/I Sh2 x SL 2 {L)/I Sh2 -> W a . 

It maps the cosets xI SL2 , yI SLj2 to the unique element w of the affine Weyl group such that 
x~ x y € I Sh2 wI Sh2 . 

Via the above identification of W a with Am, we see the relative position of two alcoves 
as an alcove in the standard apartment. Let D, D' be two alcoves in 25oo and let V be the 
gallery, stretched from D to D', with length i. Then 

. ! C l M if a first vertex of T has type 0, 

inv(-D, D ) = < _ ■ 

I C M if a first vertex of T has type 1. 

Definition 2.11. Let Ncl 2 {T) be the normalizer of T in GL 2 . The extended affine Weyl 
group is 

W = N GL , 2 (T)(L)/T(o). 
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Then a Bruhat-decomposition of GL 2 (L) is given by: 

GL 2 (L) = |J Iwl. 

The affine and the extended affine Weyl groups are closely related: the inclusion 
N S L 2 (T SL2 )(L) ^ N GL2 (T)(L) induces a short exact sequence: 

i -» w a -» iy -» z -» o, 

where the last map is induced by vl ° det. This sequence is split by the map sending m G Z 

(o i\ m 
I , and we have = W a x Z. Thus an element of W is given by a pair (tu, m), 

where w € lf„ and m € Z. 

2.3. The affine flag manifold. 

In this subsection we define the affine flag manifolds of SL 2 and GL 2 and show that they 
are Ind-schemes. A similar situation in characteristic with the affine Grassmanian instead 
of the affine flag manifold is discussed in ( [BL] section 2). 

If R is a fe-algebra, then a R[[i\] -lattice in R((t)) 2 is a i?[[t]]-submodule £ such that there 
exists a positive integer N with t N R[[t}} 2 C £ C t^i?^]] 2 and t^ Ar J R[[t]] 2 /£ is a locally on 
Spec(-R) free module of finite rank. 

Definition 2.12. The affine flag manifold X s L2 of SL 2 is the functor, whose R-valued 
points are 

£ ,£i R[[t]]-lattices, A 2 £ = R[[t]], 
X Sh2 (R) = \ £ C £x C R((t)) 2 : tZ\ C £ C £ l5 £o/t£i is /oc. 

on Spec(-R) /ree o/ rank 1 

Then A^ 2 is an Ind-scheme: set 

X SL ^ n {R) = {(£ C £i) G X 5i2 (i?): f\R[[t]] 2 C £ C £ x C t- n R[[t}} 2 }. 

Then X SL2 > n is isomorphic to a closed subscheme of a partial flag manifold of 

V = t- n k{{t]] 2 /t n k[[t}] 2 : let 3lag 2nj2n+1 (V) be the partial flag manifold of V such that for 

every A;-algebra R the i?-valued points are 

&W2n,2n+l(V)(R) = 

I r _ Tr Li,R®V/Li are loc. on Spec(-R) free i?- modules I 

\ for i = 0,f;rk(L ) = 2n,rk(Li) = 2n+ f J 

Let 5la02n,2n+i(^) De the closed subscheme of d^Q 2nt2n+1 (V) parametrizing the chains of 
t-stable subspaces of V of dimensions 2n, 2n + f . There is a closed embedding: 

(2-1) * SL2 ' n ^Sla k2n + i(n 

(£o £ £x) i ^ (£oA"A:[[t]] 2 C £ 1 /t"fc[[t]] 2 ), 
which is an isomorphism on i^-valued points for every field K containing k (compare [BL] 

2.4. There is also remarked that, as Genestier pointed out the scheme on the right hand 
side is in general not reduced, even in the easiest case). Thus we have a filtration of X SL2 
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by closed subschemes of finite type over k: 

j^S , L 2 ,l (- j£SL 2 ,2 (- ^ (- X S L2 . 

The group SL 2 (L) acts transitively by linear transformations on X SL2 (k) and the stabilizer 
of the A;- valued point o © to C o © o is I Sh2 , thus 

X SL2 (k) = SL 2 (L)/I SL2 . 

We identify the set of fe-valued points of X'~ 2 with the set of alcoves in *Boc. Under this 
identification the /c-valued points X SL2 (k) = SL 2 (F)/(I SL2 n SL 2 (F)) correspond to the 
alcoves in 23 1. 

The Ind-scheme X 5L2 is reduced ( [PR] 6.1), and connected ( [PR] 5.1). 



Definition 2.13. The affine flag manifold X of GL 2 is the functor whose R-valued points 



are 



X(R) = | £ C £ 1 C jR (( £ ))2. £ 0,£i fl[[t]]-Zotticcs, t£i C £ C ^,£0/^1 
|j " is loc. on Spec(i?) free of rank 1 

Then X is again an Ind-scheme, and we have: X(k) = GL 2 (L)/I. Set further 

for every morphism 
xW(fl) = < (£ S £1) € X(i?): Spec(K) -» Spec(-R), with K field: 

A 2 (£o<8)^) =t v K[[t]] 
Then 

x = ]J.x». 

The Ind-scheme X is not reduced ( [PR] 6.5) in contrast to X s h2 . We have: 
(X^) rcd (R) = {(£ £ £1) G X(R) : A 2 £ = «"£[[*]]}. 

If r„ <G GL 2 {L) satisfies wz,(det(r„)) = v, then the left multiplication by r v gives an isomor- 
phism X SL2 ^ (xW) rcd . 

We identify X Sh2 with (X(°)) red by choosing r = 1: 

Let if C GL 2 (L) be the subgroup of all matrices with the valuation of the determinant 
equal 0. On the fc-valued points the above inclusion is given by 

X SL2 (k) = SL 2 (L)/I SL2 = H/I ^ GL 2 (L)/I. 

Thus, on the left hand side stands the set of all alcoves in 53 00. The group H acts on 
them by linear transformations, and this action corresponds on the right hand side to left 
multiplication on the set of the cosets. Further, the action of H on the vertices of 23oo is 
type-preserving. 

By the above discussion, X re d is isomorphic to a disjoint union of Z copies of X SL2 . 
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Lemma 2.14. Let R = {r v : v G Z} be a subset of GL 2 (L) with Wi(det(r t) )) = v for every 
v G Z. Then there is an isomorphism of Ind- schemes: 

a R :\\X SL ^X rcA 

V 

such that aji(x v I SL2 ) = r v x v I for every v G Z. 

Since X SL2 is connected we have: 7ro(X re( j) = Z and the connected component of the 
coset I is 

2.4. Affine Deligne-Lusztig varieties in the affine flag manifold of GL2(L). 

Definition 2.15. Let w G W and b G GL2(L). The affine Deligne-Lusztig variety for 
GL2{L) is the locally closed subset of X given by 

Xa(b) = {xl G GL 2 (L)/L: x~ l bo-{x) G Iwl}, 

provided with the reduced sub-Ind-scheme structure. 

That Xyj(b) is indeed locally closed will follow from Proposition 12.231 and the results of 
the next two sections. For any b G GL2(L) the cr-stabilizer of b in GL2{L) is given by 

J b = {g£GL 2 (L):g- 1 ba(g) =b}. 

Remark 2.16. The group Jb is the group of F- valued points of the functor Jb which 
associates to an F-algebra R the group 

Jb(R) = fee GL 2 (R ®f L) : g^boig) = b}. 

This functor is representable by a connected reductive group Jb over F, which is an inner 
form of a certain Levi subgroup Mb of GL2 attached to b (compare [RZ] (1.12) for the Witt 
ring case). 

The group Jb acts by left multiplication on Xu,(b). Now we will give the three examples, 
which will be relevant for us. In the rest of the paper we will use the following notation: 




Examples. 

(i) For b = 1 we have Ji = GL 2 {F). 

(ii) For b = ^ ^\ with a > we have Jb = T(F). 

(hi) Let b = b\. Then Jb l is the multiplicative group of the quaternion algebra over F. 
Let F C E C L be the unramified extension of F of degree 2. Then 

Jin = I (? :a,c€E, aa(a) - tca(c) + o| . 

We can also write: 

Jb x =E[ix\\ 
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where D = E[ir] is the (non-commutative) quaternion algebra over F defined by the 

relations it 2 = t and air = ira(a) for all a £ E. The isomorphism is given by sending 

fa \ 
a G E to and 7T to b\. 

\0 a{a)j 

The determinant of matrices in / always has the valuation and 

v L {det{x- 1 ba(x))) = v L {det(b)). 

From this follows 

Lemma 2.17. If Xr wm -\(b) is non-empty, then Ui(det(6)) = m. 

Convention. For transparency, we omit m from the notation and write X w {b) instead of 
X( W)VL (det(b))) (b) for every w G W a and b G GL2(L). This notation depends on the chosen 
splitting W = W a x Z. 

Lemma 2.18. 

(i) The varieties X w {b) and X w {g~ l ba{g)) are isomorphic. 

f t m o \ 

(ii) Letc= £ Ngl 2 (T)(L). Then X w (b) and X w (cb) are equal as subvarieties 



f 



of X red . 



Proof. If g G GL2(L), then x i— > <7 _1 x is an isomorphism — > X w (g~ 1 ba(g)). This 
proves (i). To prove (ii), we notice that c is central and the image of c in W is the pair 
(1,2m). Let v = VL(det(b)). Now we have: xl G X w (6) 44> x _1 6o-(x) G I(w,v)I 
x _1 c6c7(a;) G 7(1, 2m)(w, v )I = I(w,v + 2m)I. But t> + 2m = fi(det(c6)), and thus xl G 
X w (b) is equivalent to G X„,(c6). □ 

Now we show the connection between X w {b) and affine Deligne-Lusztig varieties in the 
affine flag manifold of SL2{L). We use the following 

Definition 2.19. Let w G W a , b G GL 2 (L) and w = (w,v L (det(b))) G W. The affine 
Deligne-Lusztig variety for SL2(L) is the locally closed subset of X s L2 defined by 

X^{b) = {xI SL2 G SL 2 {L)/I SL2 : x- l ba(x) G IwL}, 

provided with its reduced subscheme structure. 

That X£, L2 (b) is indeed locally closed will follow from the results of the next two sections. 
Now, we want to understand Definition 12.191 better. We see X^ L2 {b){k) as a set of alcoves 
in 53oo. 

Lemma 2.20. Consider the situation as in the Definition \2.19\ An alcove D lies in 
X w L2 (b)(k) if and only ifmv(D,baD) = w. 

Proof. For better readability we assume that det(6) = t m for some m G Z. This is in fact 
the only interesting case for the future. The proof without this assumption is very similar. 
We fix a representative of w in Nsl 2 (T SL2 ){L) C Ngl 2 {T){L) and denote it again by w. 
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Let D = xC° M with x G SL 2 (L). Since b^ = C Q M we have: baD = ba(x)b^ m C° M and 
ba{x)bl m G SL 2 (L). Since hl^b^ 1 = I SL2 , we have: 

inv(L>, baD) = w & aT^x)^™ G I SL ' 2 wI SL ' 2 X - l ba{x) G I SLa wV^I SLa =¥■ 

x _1 6<T(a;) G Iwbfl = Iwl e> D G X^(b)(k). 

Now we have to prove the converse of the third inclusion. Since b\ normalizes / and I SL2 , 
it is enough to show that Iwl n SL 2 (L) C I sl ^wI SIj2 . If raj G Iwl n SL 2 (L), then 

det(i) = det(j) -1 G o x (since det(w) = 1 and i,j G I). Let r = ^ e *W ^ Now, u> 

normalizes T(o), and thus rw = wr' for some r' G T(o). Hence iwj = ir~ l wr'j where 
det(ir _1 ) = det(w) = 1 and hence det(r'j) = 1. Moreover, since r,r' G T(o), we have 
ir~ x ,r'j G /. Thus ir~ l ,r'j G I Sh2 and iwj = ir~ x wr' j G I Sh2 wI SL2 . □ 

Thus if 6 G SL 2 (L), then X^ i2 (6) is the usual affme Deligne-Lusztig variety inside the flag 
manifold of SL 2 , attached to b and w. If b, b' G GL 2 (L) are cr-conjugate under SL 2 (L) and 
u> G W a , then the varieties X^ L2 (b) and X^ L2 (b') are isomorphic as subvarieties of X SL2 . 
Indeed if g G SL 2 (L), then x i-> <7 _1 x is an isomorphism X^ L2 {b) — > X^ J L2 (g~ 1 ba(g)). 

The group 

Jf i2 = J b nSL 2 (L) 

acts on X^| L2 (6) by left multiplication. To express X w (b) in terms of X,^ L2 (b), we need the 
following 

Lemma 2.21. Lei 6 G GL 2 (L). The restriction ofvL°det : GL 2 (L) — > Z to J& is surjective. 

Proof. If 6, c G GL 2 (L) are cr-conjugate, then the groups Jft and J c are conjugate in GL 2 (L). 
Since conjugation does not change the determinant, it is enough to prove the statement for 
some representatives of the <7-conjugacy classes of GL 2 (L). Those are given by 

which follows from ( [RR] 1.10). 

The group J\, stays unchanged if we multiply b by some central element of GL 2 (L). 
Therefore, we have only two cases, in which we can prove the statement explicitly. 

First case: b = \ ] and a > 0. Then for all v G Z we have: | ] £ Jj and 

\0 t a ) ~ \0 t v J 

Second case: b = b\. In this case we have b± G Jb, and VL(det(b\)) = v for all ueZ, □ 

We proved the surjectivity of the homomorphism vl ° det : J5 — > Z for any 6 G GL 2 (L). 
Let us now introduce its kernel. 

Definition 2.22. For b G GL 2 (L) set 

Rb = Ker(vL ° det : Jf, — > Z). 
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Now Hfj C H where H C GLi2{L) is the subgroup of all matrices with valuation of the 
determinant equal zero. Hb is exactly the stabilizer of X w (b) n (X(°)) rec i under the action of 
Jb on X w (b). Recall that in the last subsection we identified X s L2 with (X^) Te( ^. Via this 
identification Hb acts on X^ L2 (b) = X w (b) n (-X"^) re d, and this action is the restriction of 
the action of H on X SLi . 

Proposition 2.23. We have 

X w (b)= II X s w L *{b) 

Jb/Hb 

as k-varieties, and the Jb-action on the set of these components is given by left multiplication 
on the index set. 

Proof. The scheme structure on X w (b) is the reduced one, thus the inclusion X w (b) C X 
factorizes through X re( j — ► X. By Lemma |2.21| we can choose R = (r v ) C with tq = 1 
and VL(det(r v )) = v for all »£Z, and olr from Lemma 12. 141 restricts to the isomorphism: 

X w (b) = l[X^(b). 

Now the action of Jb permutes these components and Hb is exactly the stabilizer of the 
component corresponding to tq = 1. Again, by Lemma |2.21| Jb acts transitively on the set 
of these components. □ 

In particular, X w (b) is non-empty if and only if X^ L2 (b) is. We clearly have jf L2 ^ Hb- 
By Lemma r2.18( i), to determine X w (b) for all b S GLiiV) and all w € W a , it is enough 
to do so for all b lying in a fixed set of representatives of the <r-conjugacy classes of GL2(L) 
(compare (j2.2|) ) . By Lemma l2.18f ii) it is enough to consider the following three cases: 

(i) b = 1; 

(ii) b = and a > 0; 

(iii) b = h. 

By Proposition 12.23"! X w (b) is the disjoint union of Z copies of X s w h2 {b). In Lemma E20] 
we showed that X^ L2 (b)(k) is the set of all alcoves in QSqo with iiw(D,baD) = w. In the 
following, we will determine X^ L2 (b)(k). 

3. The sets X^ L2 (b)(k) 
3.1. The vertex of departure. 

Lemma 3.1. Let £ be a full connected subcomplex of 2$oo- Let D be an alcove in *Boo> 
which is not contained in £. Then there is a unique gallery with minimal length in 
*Boo ; containing a vertex Pd in <£, whose first alcove is D. This vertex Pd is uniquely 
determined by D. 

Proof. The existence of such a gallery follows from the connectedness of QSqo . A gallery with 
given properties clearly contains exactly one vertex lying in £. Such a gallery is uniquely 
determined by this vertex since Q3oo is a tree. 
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To prove the uniqueness of Tp,<r, assume T' D c is an other gallery with such properties 
stretched from D to a vertex P' D in C By the connectedness of (£, there would be the 
minimal gallery Yppi stretched from Pp, to P' D) lying in <£. Consider the composite gallery 
(^DjC) Tpp/). It is minimal by Lemma 12.71 In fact, T^x and Tppi are minimal, Td& has 
no alcoves in <£ and all alcoves of Yppi lie in <£: thus they have no common alcoves and Pp> 
is a last vertex of Tp^ and a first vertex of Tppi. 

Thus there are two minimal galleries, T' D and (Tp^, Tppi) stretched from D to P' D . 
Since Q3oo is a tree, these galleries coincide. Since T' D ^ contains exactly one vertex in (£, 
this implies Pp> = P' D . Therefore Tp<r = T' D c . □ 

Definition 3.2. Let €. be a full connected subcomplex o/23oo. Let D be an alcove in 5Soo; 
which is not contained in £. Let Td,£ and Pp be as in Lemma \3.1\ We call Pp> the vertex 
of departure for D from <£. Set further 



Lemma 3.4. Let £ be a full connected subcomplex o/ 23oo and let D be an alcove in 2Joo> 
not lying in (£. Let further 7 be an automorphism of 53 oo (as a simplicial complex), and 
assume that 7 stabilizes the subcomplex C Then T^o <t = 'jTo it- 
Proof. As an automorphism of a simplicial complex 7 inherits adjacency, and thus takes 
galleries to galleries. Since 7 is invertible, it also inherits minimality of galleries. Thus 
1^D,€ is minimal. The first alcove of 'yTpj tr is 7D. Further, 7 stabilizes the set of vertices 
lying in <t and thus also the set of vertices not lying in C Hence ^yTpj^ contains exactly one 
vertex in £. This vertex is the image of a last vertex of Tjj ^, and thus itself a last vertex of 
'yTp) ^. Thus 'jTjj^ has all properties of Lemma [3711 which uniquely charcterize T^p,^. The 
Lemma follows. □ 

3.2. The first case: the sets X^ L2 (l)(k). 

Let D be an alcove in 2?oo which is not contained in 23i. Apply Lemma 13.11 to the 
full connected subcomplex £ = 23i and D. Thus there is a unique minimal gallery Tp,^ 
stretched from D to a uniquely determined vertex Pp> in 55 1 which is the vertex of departure 
for D from 03 1. 

Lemma 3.5. We have: r a u,^Bi = a ^D&i- 

Proof. Follows from Lemma 13.41 applied to the automorphism given by a. □ 

Now we construct the minimal gallery stretched from D to o~D. Observe that the vertices 
of departure for D and for o~D from 23i are equal (the one is the image under a of the other 



d<t(D) = l + l(T DX ). 



Now we introduce some notations which we will need in the following. 



Notation 3.3. Let be a full connected subcomplex o/Q3oo. 

(i) For m E {0, 1} let £( m ) denote the set of all vertices in <£ with type m. 

(ii) For a vertex P in £ and n > 0, set 




D is an alcove in 53oo with P as 
vertex of departure from <L and d<r(D) = n 
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and both are in 2$i, thus stable under a). Thus we get a gallery connecting D and o~D, which 
consists of two parts: the first part is ^ and the second part is the gallery stretched 
from Pjj to aD i.e. ^ = crT^ 1 ^ . We denote the composite gallery by 

T D := (Td^^o-T' 1 ^). 
Lemma 3.6. The gallery Tjj is minimal and£(Tz>) = 2<ig3 1 (-D) — 1. 

Proof. T£) j 53 1 and oT^'fg are minimal. Pd is a last vertex of and a first vertex of 

cT^) 1 ^ . Thus by Lemma 12.71 we have to prove that they have no common alcoves. If an 
alcove C would lie in and in oT^g , then aC would too, and would contain 

C and o~C. Further d^iC) = d<^ 1 (aC), since T a c,fBi = ^c,fBi by Lemma [3.51 But all 
alcoves of «g 1 have different distances to 53i and hence C = o~C. This is equivalent to C 
lying in 2$i which leads to a contradiction, since has no alcoves lying in Q5i. 

The length of To is: 

£(T D ) = £(T D>iBl )+£(ar^ mi ) + 1 = (da* (I>) - 1) + (desxCD) - 1) + 1 = 2d !8l (I>) - 1. □ 

The gallery is minimal and £(Td) > 0, thus Td has a unique first vertex. If its type 
is m G {0, 1}, then 

• / n m ^(-l) m (2a!c 8l (£))-l) 

The set -X^ i2 (l)(fc) is non-empty exactly for w = 1 and ui G Vy a with odd length (Propo- 
sition [221 below or [Re] Proposition 2.1.2). The following picture illustrates this via the 
identification of W a and Am (the fat alcoves are those for which X^ L2 (l)(k) is non-empty). 



Proposition 3.7. The set X^ L2 (l)(k) is non-empty if and only if w = 1 or £(w) is odd. 
Let now w G W a such that X^ L2 (l)(k) ^ 0. 

(i) The set X t L2 (l)(k) is the set of all alcoves in 

(ii) If£{w) = 2* - l,i > (i.e. = C^" 1 or wC° M = C M 2i+1 ), let 

if i is odd and wC M = C M 2t+1 or i is even and wC M = C? J_ 1 




— ^ M even w^j m — ^ M 

if i is odd and wC M = C^ _1 or i is even and wC M = C M 2l+l 



X s w L \l){k)= \\ D^P). 
Pe!B («) 

Lemma 3.8. If X^ h2 (l)(k) ^ 0, then w = l or £{w) is odd. 

Proof. In fact, let w G W a and D G X^ L2 (1)(A;) be any alcove. If D G ©i, then inv(Z), ci-D) = 
and thus io = 1. Otherwise, the length of the minimal gallery constructed above is 
odd, and thus £(w) is odd. □ 

Proof of Proposition, (i) follows from the fact that *Bi = 53^ CT> . To prove (ii) we consider 
the case i = odd and wC° M = Off 1 . Thus m = 1. If an alcove D lies in X^ L2 (l)(k), 
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then D is not contained in <Bi and the length of the gallery Tp defined above must be equal 
to the length of the gallery stretched from C M to C M ~ 1- . 2dsg 1 (D) — 1 = 2i — 1, so we must 
have (^(-D) = i. The type of the first vertex of Yd must coincide with the type of the 
first vertex of the gallery stretched from C M to C M _1 , i.e. 0, so the type of the vertex of 
departure for D from <Bi must be 1 (by parity of i). So X^ L2 (l)(k) C Upg^M Dtg^P). 

If conversely, D € Dig (P) with P € then the relative position of D and aD will 

be C M ~ l (this is clear by construction of T D ). Hence X^ L2 (l)(k) = \J PefB m D^^P) and 

thus is non-empty. The sets Dig (P) are disjoint for different P € 58^ , by uniqueness of 
the vertex of departure. The other three cases (i is odd, wC M = C M %+ and the two cases 
where i is even) have similar proofs. □ 

3.3. The second case: the sets X^ L2 {b)(k) for diagonal 6^1. 

Let now b = ^ ^\ with a > 0. First of all, b acts on Am by translation by a alcoves to 

the right: b sends the alcove C l M to the alcove Ctt Q : . The distance from the main apartment 
will play the analogous role, which in the previous case was played by the distance to QSi. 
Let D be an alcove in 03 oo which is not contained in Am ■ Apply Lemma 13.11 to the full 
connected subcomplex £ = Am of Q3oo and D. Thus there is a unique minimal gallery 
r d,Am stretched from D to a uniquely determined vertex Pd in Am, which is the vertex of 
departure for D from Am- Then Pd is a last vertex of Td,a m • 

Lemma 3.9. We have: T^ a D,A M = baTn,A M - 

Proof. Follows from Lemma |3.4[ applied to the automorphism given by ba. □ 

Like in the previous case, we want to construct a gallery stretched from D to baD. Let 
Totr be the gallery stretched from Pry to baPn- Thus Tp^r has Pd as a first vertex and 
baPo as a last vertex. All alcoves of Tdjt lie i n 4w- The length of r^^. is a — 1. From 
Lemma 13.91 follows: r^-, ^ = froT^ A . This gallery has baPo as a first vertex and baD 
as the last alcove. We set 

Yd ■= (ro,A M ,r£) i t r ,6o-r^ M ). 

It has -D as the first and baD as the last alcove. 

Lemma 3.10. The gallery To is minimal and £(Td) = 2oIa m {D) + a — 1. 

Proof. The galleries Td,Ami Tdjt and ftoF^, 1 ^ are minimal. We use Lemma l2.7( ii). At 
first, we prove that Td,a M i ^D,tr and ftoT^ 1 ^ pairwise have no common alcoves. In fact, 
T D ,A U and haT ~D]A M = T baD, Am have no alcoves tying in A M - Hence r D) ^ M and baT D l AM 
have no common alcoves with Yotr (whose alcoves all lie in Am). All alcoves in Yd,a m have 
the same vertex Pd of departure from Am- The vertex baPD is the vertex of departure 
from A m for every alcove in T^ aD A = baT D l AM . But Pd / baPD ■ By the uniqueness of 
the vertex of departure, Td,a m and baT^ A contain no common alcoves. 

Now the condition (d) of Lemma [2?7l fii) for Td,a m , ^D,tr is clear. Thus the composite 
gallery (T D>AM1 T Djtr ) is minimal. 



18 



ALEXANDER IVANOV 



Now we have to verify the condition (d) of Lemma l2.7f ii) for (J^d,A M i ^D,tr) an d baV^^ . 
The vertex ba Pd is a first vertex of baTp A . Further, baPo is a last vertex of Trjjr- The 
only vertex contained in Td,a m an d in To,tr is Pd (it is the unique vertex of Td,a m con ~ 
tained in -Am)- But Pd 7^ baPn, and thus 6<tPd is also a last vertex of the composite gallery 
( r -D,A M , T^.tr)- Thus by Lemma[I2Iii) the composite gallery T D = (T d<Am , T D ,tr, &0" r D*A M ) 
is minimal. 

The length of Tjj is: 

£(T D ) = £(T DAM ) + £(T D , tr ) + £(baT- D ] AM ) + 2 

= 2£(T DiAM ) + £(T D>tr ) + 2 = 2(g! Am (D) - 1) + (a - 1) + 2 
= 2d AM (D)+a-l. □ 

The gallery Tjj is minimal and £(Td) > 0, hence it has a unique first vertex. If its type 
is m € {0, 1}, then 

mv{D, boD) = C M M 

Now, X^ i2 (6)(/c) is non-empty if and only if w has length a or a + 2i — 1 for some i > 
(see Proposition 13.111 below or [Re] 2.1.4 and 2.2). The following picture illustrates this in 
the case a = 4 (the fat alcoves are those for which X^ L2 (b)(k) is non-empty). 



Proposition 3.11. Let b = ® \ with a > 0, and w G PV . ITien X^, L2 (b){k) is 

non-empty if and only if £(w) = a or £(w) = a + 2i — 1 i > 0. 
Lei now tu € W a swc/i taai X^ L2 (b)(k) / 0. 

(i) I/wCg, = C%, then X^ 2 (b)(k) = I] {C^}. 

(ii) = CI?, then X^(b)(k) = U 

jez 

(iii) = a + (2t - 1) for i > fie. mjCJ ; = C^ +(2i-1) or wC° M = C M a ~ {2i ~ 1] ), let 

' if i is odd and wC M = C M a ^ ^ or i/f is even and wC M = C^^ 2t % 
1 if i is even and wC M = C M a ^ or i/i is odd and wC M = C^^ 2% . 

Then 

X S w L2 (b)(k)= II D A JP). 
PeA™ 

Lemma 3.12. If X^ L2 {b)(k) ^ 0, then £(w) = a or £(w) = a + 2i - 1 with i > 0. 



m 



Proof In fact, let to 6 W a and D € X^ L2 (b)(k) be any alcove. If D = Cj$ resp. D = C^ +1 
lies in Am, then inv(7>, baD) = resp. C^"/ 1 and £(w) = a. Otherwise, the length of the 
minimal gallery constructed above is a+2i—\ for some % > 0. Thus £{w) = a+2i— 1. □ 
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Proof of Proposition. To prove (i) and (ii), we notice that if t(w) = a, then X^ L ' 2 (b)(k) is 
contained in Am'- in fact if D is not in Am, then the length of the gallery constructed 
above is a + 2i — 1 for some i £ Z, which differs by an odd integer from a. Now b acts 
on the alcoves in Am by shifting by a alcoves to the right. Thus if wC M = C M , then 
X^(b)(k) = {C M : j € Z}. If wC° M = C~ a , then X^(b)(k) = [C M 1 : j G Z}. 

Now we prove (hi) for i > odd and wC M = C^+ 2i_1 (the other cases can be proven 
similarly). In this case m = 1. If -D lies in the set X^ i2 (&)(&), then .D does not lie in Am, 
by the above considerations, and the length of the gallery constructed above must be 
equal to £(w) = a + 2% — 1. Therefore, we must have: a + 2cIa m (D) = a + 2i, which implies 
cLa m {D) = i- The first vertex of Yd must have the same type as the first vertex of the 
gallery stretched from C M to C"^ 2t 1 \ i.e. 0. So, by parity of i, the vertex of departure 
for D must have type 1. Thus, U PeA w D A M ( P ) ^ X^(b)(k). 

Conversely, if D £ D Am (P) for some P £ A^, then the corresponding gallery Yd has 
the length a + (2i — 1) and the type of its first vertex is 0, thus it can be folded into the 
gallery stretched from C° M to C$~ {2i ~ l) . Hence X^{b){k) = |L (1) D\ (P). This union 
is disjoint, since the vertex of departure is uniquely determined. Thus (hi) follows. Now, 
the first part of the Proposition follows from Lemma 13.121 and (i)-(iii). □ 

3.4. The third case: the sets X^ h2 (bi){k). 

Recall that b\ = ^ J . The action of b\ on the main apartment is given by reflection 

about the midpoint of Cj^, thus it sends C M to C^. The vertex of C M represented by 
goes to the vertex represented by o © to, and conversely. 

In this case, C M plays the same role as Q3i and Am in the previous cases. Let D ^ C M 
be an alcove in 2$oo- By Lemma [3TTT, applied to the full connected subcomplex of 23 oo 
containing only the alcove C^L and its vertices, there is a unique minimal gallery T in 

55 oo stretched from D to its vertex Pd of departure from C M . 
Lemma 3.13. We have: b\aY D -^- = ^ biaD c°~' 

Proof. Follows from Lemma 13.44 applied to the automorphism given by b\o. □ 

Like above, we construct the minimal gallery Tp stretched from D to b\crD. Let To^r 
be the gallery consisting of the single alcove C?. f . Now, Pd is a last vertex of T -p^- and 

a first vertex of Yd tr- Further, b\aPn is a first vertex of frioT^ 1 — ^ = — ^ and a last 

D,C° M b^Dfil, 

vertex of YD,tr- Hence 

is a gallery. Its first alcove is D and its last alcove is b±o~D. 
Lemma 3.14. The gallery Td is minimal and£(YD) = 2cfcg-(-D). 

Proof. The galleries r_-^n~, YDtr and biaY -1 —^ are minimal. We use Lemma l2.7f ii). At 

D > C M D,C° M k ; 



first, we prove that r d t^o~, r^,. and b\aY 1 — jr have pairwise no common alcoves. Td, 



tr 



M 
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clearly has no common alcoves with T^-p^- and b\aT~ 1 ——. Further, every alcove of T^T^n - 

d > c m D,C° M J D,C° M 

has Pn as its vertex of departure from C? /f and every alcove of frioT -1 — = T _1 — ^- has 

L M J D,C° M bxaD,C% 

&iopD Pd as its vertex of departure from C^- The vertex of departure from is 
uniquely determined for every alcove, thus r^^g- and b\aT~ l — g- have no common alcoves. 

The condition (d) of Lemma l2~77T ii) for T Td tr is clear. Thus the composite gallery 
(r n jw, ^D.tr) is minimal. 

Now we have to verify the condition (d) of Lemma l2.7f ii) for (T^ Trjjr) and biaT -1 —^-. 
The vertex b\aPr> is a first vertex of b\aT~ l — Further b\aPr) is a last vertex of Trjjr- 

The only vertex contained in T and in Trjtr is Pd- But Pd ^ b\aPo- Thus b\aPo 

M ' 

will also be a last vertex of the composite gallery (r ^5-, T[) tr ). Thus by Lemma l2.7( ii) 
the composite gallery Td = (T n -p^-, T d tr , Wo'T -1 — ^ is minimal. 
The length of is: 

*(r D ) = £{T ^r) + £(T Dttr ) + lihaT- 1 ) + 2 = 2^(r w ) + + 2 = 2 < fc 5 -(D). □ 

The gallery is minimal and £(r£>) > 0, thus it has a unique first vertex. If its type is 
m € {0, 1}, then 

(-l) m 2d-g-(D) 

inv(I>, b x aD) = C M M . 

Now, X^ L2 (b\)(k) is non-empty if and only if w has even length (Proposition 13.151 below 
or [Re] 2.2). The following picture illustrates this (the fat alcoves are those for which 
is non-empty). 



r 

For m € {0, 1}, let P m denote the vertex of QSqo represented by © t m o. 

Proposition 3.15. Let w 6 W a . Then X^, L2 (bi)(k) is non-empty if and only if £(w) is 
even. 

Let now w E W a such that X^^Qt) ^ 0. 

(i) We have: Xf L2 (&i)(fc) = {C° M }. 

(ii) If£(w) = 2i for i > (i.e. wC° M = C% or wC° M = C^ 2i ), let 



m 



if i is odd and wC° M = C M 2 * or if i is even and wC^ = C|}, 

1 if i is odd and wC^ = C|} or if i is even and wC^ = C^ 2 \ 



Then 

X^(b 1 )(k) = Dy r (P m ). 
Lemma 3.16. If X^fa^k) / 0, then £{w) is even. 

Proof. In fact, let w <E W a and D G X^ L2 (bi)(k) be any alcove. If D = C^, then u; = 1 has 
the length 0. Otherwise, the length of the minimal gallery To constructed above is even 
and thus £(w) = £(Td) is even. □ 
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Proof of Proposition. For (i) observe that for any alcove D ^ C®j the gallery Tjj never has 
the length 0, thus xf L2 (bi)(k) C {C° M }. The inverse implication is clear. 

Now we prove (ii) for i > odd and wC^ = Cfj (the other cases can be proven similarly) . 
In this case m = 1. If D lies in the set X^ L2 (bi)(k), then we have: 2dj^-{D) = (.(Fd) = 
£(w) = 2i, which implies d-^-(D) = i. The first vertex of must have the same type as 

the first vertex of the gallery stretched from C% to Cj}, i.e. 0. So by parity of i, the vertex 
of departure for D from C Q M must have type 1. Thus £)l- g -(P 1 ) D X^ L2 {bi)(k). 

Conversely, if D £ D^-(Pi), then the corresponding gallery Trj has length 2i and the 

type of its first vertex is 0. Thus Trj can be folded into the gallery stretched from CjL to 
Cfj. So X^ L2 {bi){k) = D^- ir (Pi). The first part of the Proposition follows fr om Lemma 

ED! and (i), (ii). □ 

4. The variety structure on X w (b) 



In this section we choose the functorial point of view on a scheme, and work mainly with 
the set of its A;-valued points. In particular, a locally closed reduced sub-Ind-scheme of the 
affine flag manifold is uniquely determined by the set of its /c-valued points. In the last 
section we have determined the set-theoretical structure of X^, L2 (b)(k). Now we determine 
the scheme-structure on X w (b) and on X^ L2 (b). From Proposition 12.231 we have 

X w {b)^% & X* L2 {b)^% o X^ L2 (b){k) 

In all cases X^, L2 (b)(k) were (disjoint unions of) sets of very similar types. At first we prove 
a general fact which shows that all these sets are locally closed subsets of X SL2 (k). 

4.1. The crucial result. 

Lemma 4.1. Let I > and P ^ Q two vertices in %$oo) represented by lattices £i,£2, re- 
spectively. Assume that £\ D £2 and dim^. £i/£2 = 1 + 1. Then the following are equivalent: 

(i) The length of the minimal gallery in 23 oo stretched from P to Q is I. 

(ii) The k[t]-module £i/£2 is cyclic. 
The same holds for Q3i instead of^S^. 

Proof. Choose by the elementary divisor theorem a /c[[i]]-basis {^1,^2} of £1 such that 
{t ai v 1 ,t a2 v 2 } is a %]]-basis of £ 2 . Then < a u a 2 < I + 1 and ai + a 2 = I + 1. We 
can assume a\ < a 2 . The k[t] -module £i/£ 2 is cyclic if and only if a\ = 0. Consider the 
following lattice chain: 

(i^l,^)^]] 2 (t ai Vl,t ai+1 V2h[ [t]] 2 - 2 (t ai V U t^V 2 ) m , 

which represents a minimal gallery between the vertex P, represented by {t ai vi, t^v^j,^ 
and Q, represented by {t ai v\, t a2 v 2 )j.^y It is minimal by Lemma [277T i) (verification of the 
two conditions is straightforward). The length of this gallery is a 2 — a\ — 1. This number 
is equal I if and only if a\ = 0, or equivalently if and only if £i/£2 is cyclic. The proof for 
03 1 instead of 03 oo is the same. D 
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It is a well known fact that the alcoves around a vertex P in form a closed subset 
of X SL2 (k). There is a unique reduced closed subscheme of X SL2 such that its ^-valued 
points are exactly the alcoves around P. This subscheme is defined over k and isomorphic 
to Pi /c-scheme. 

Definition 4.2. Let P be a vertex in 53i. Let V be a subset of¥\(k). Thus V corresponds 
to a finite set of alcoves in 58i, having distance to P. Let I > 0. We set 

D is an alcove in 25oo which has distance I to P, 
■&p,v,i{k) = < D: and the minimal gallery stretched from P 

to D does not pass through V 

and let $pv,l(k) be the intersection of $pvi{k) with the set of alcoves lying in <Bi. 

Proposition 4.3. Let P, V, I be as in Definition ^. S\ Then $pyj(k) is a locally closed subset 
of X SL2 (k). Denote by the corresponding induced reduced sub-Ind-scheme of X^ L2 . The 
Ind-scheme 3^ is a scheme, it is defined over k by a scheme and there is an isomorphism 
of k-schemes: 

d = A{x(Fl-V). 

Proof. By homogeneity under the action of GL2(F), we can assume that P is represented 
by £o = Of © Of- Let us first prove the Proposition for V consisting of only one element. 
In this case we can assume that this element is and its vertices are P and Q, where Q 
is represented by £i = Of © tOF- 

Before going on with the proof, we make the following 

Remark 4.4. For V and P as described above, the set $pvi(k) is nothing other than the 
open Schubert cell for the element v G W a with vC^ = C^J l+1 \ There is another proof 
that the Schubert cell for v E W a is isomorphic to the affine space of dimension £(y). This 
proof works similarly in the affine case, as in the finite case (which is given in [Bo], 14.12, 
the first theorem). Nevertheless, we will give another proof below and then compare the 
two proofs. 

The sketch of the proof. Consider N = £ /t l+l 2, as a k- vector space carrying a nilpotent 
action of t. Let 5 r [agJ +1 ^(-^O Q -S^Si+i i+2(N) be the closed subscheme of the partial flag 
manifold of N, parametrizing the chains of i-stable subspaces of N of dimensions 1 + 1,1 + 2. 
Let also 



S:=dW l+1 , +2 (N) 



red- 



In particular S has the same /c-valued points as S^ttflf + 1 1+2^) ■ We have the following two 
closed immersions (the vertical one is given by the inverse of (|2.ip ): 

X SL 2 



S diaQ l+hl+2 {N) 

In the proof we consider the following commutative diagram of inclusions: 
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$p,v,i( k ) *X SL *(k) 




Y(k) 

where Y will later be defined as some open subscheme of Jtaflz+i i+2(N) which is isomorphic 
to the affine space over k of appropriate dimension. We will show that the two diagonal 
arrows from !&pyj(k) exist and that there is a unique closed reduced subscheme of Y, defined 
by vanishing of linear polynomials whose /c-rational points are $pvi(k). 
First step. We prove that dp,v,i( k ) ~> X SL2 (k) factorizes through S(k) -> X SL2 (k). 

Observe that every alcove with distance I to P has a unique representing lattice chain 
£' 2 £ 2 t£' such that £, £' C £o, the vertex represented by £ has greater distance to P, 
and dirrifc£o/£ = 1 + 1 (£ is uniquely determined for reasons of dimension and then the 
uniqueness of £' follows from the uniqueness of minimal galleries). After these choices £o/£ 
is a cyclic fc[t]-module by Lemma I4TT1 We have £, £' 5 i' +1 £o. 

The projections £ -> L := £/(t' +1 £ ), £' -> L' := £'/(t' +1 £ ) give the embedding 
$p,V,l(k) C S(k) (which is injective, since the maps $ P y,i(k) -> X SL2 (/c), S(fc) -> X 5La 
are). Note that N/L S £ /£ and iV/L' S £ /£' are fc[i]-cyclic too. Thus: 

(4.1) $p,v,i(k) C{(IC L') € S(Jfe) : iV/L and iV/L' are cyclic as k [t] -modules} , 

Second step. In this step we reformulate the condition that the minimal gallery stretched 
from the vertex, represented by £, to P does not pass through Q. 

Let {ei,e2} be the image of the canonical Oi?-basis of £o under the projection £o -» N. 
Then {e±, te±, t l ei, e2,te2, t l e2] is a /c-basis of N. Let N\ = £i/i /+1 £o. Then N\ is a 
(21 + l)-dimensional subspace of N and {ei,te±, ...,t l ei,te2, ...,t l e2} is its basis. 

Lemma 4.5. Let £' D £ D i£' 6e a representative of an alcove D, having distance I to P, 
chosen as in step one. Let L := £/i' +1 £o. The following are equivalent: 

(i) The minimal gallery from P to the vertex represented by £ does not pass through Q. 

(ii) L£Nl 

Proof of Lemma. We have i _1 £i 2 £ 2 £ and dim fc ((t- 1 £i)/£ ) = 1, dim fe (£ )/£) = l+l. 
Hence: dim fc ((t _1 £i)/£) = I + 2. Further we have: £i D t£. By the elementary divisor 
theorem, choose a fc[[i]]-basis {^1,^2} of £1 such that {t ai vi, t a2 V2} is a /c[[i]]-basis of i£. 

Now, (i) is equivalent to the statement that the minimal gallery from Q to D has length 
I + 1. By Lemma 14.11 and the above dimension counting, this is equivalent to (i _1 £i)/£ 
being a cyclic fc[t]-module. This is equivalent to £i/££ being a cyclic fc[t]-module. 

From this follows (ii): By the cyclicity requirement we must have a\ = or 02 = 0. 
Assume a\ = 0. Then t^vi G £ — £1 and its image modulo i' +1 £o lies in L — N\. 
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To prove the converse, assume that £i/i£ is not cyclic. We must have oi,a 2 7^ (oth- 
erwise v\ or V2 would induce a cyclic generator of £i/t£). Thus (tvi, tV2)k[[t]] 5 t£>. This 
implies £1 = (t>i,i>2 )fc[[t]i 5 £> which is equivalent to Ni~3 L. □ 

Thus, by Definition, the set "Spyiik) is exactly the subset of the set on the right hand 
side in (|4.ip . consisting of all chains (L C Z/) £ S^/c) with LC.Ni: 

(4.2) 3p,v,i(k) = {(LCL')e S(k) : N/L, N/L' are cyclic as fc[i]-modules, L g Aq} . 

Third step. We have the following 

Lemma 4.6. 

3v = e 2 + a ei + aitei + ... + a,[t l ei, 1 
£ = {v)k[t],L' = L© (t l ei) k ,a , ...,ai ek J 

T/ie vector v is uniquely determined by the chain L C L' . 



$ P yi(k) = {LCL'CN: r r , , 



Proof of Lemma. To prove the inclusion 'C' let L C L' C N be an element of $py : i{k) as 
described in (|4.2p . In particular L % N\. Then, there exists & v = e2 + w£L with w € Aq. 
Since L is t-invariant, we can by successive replacing of v by v — Cit l v with a suitable c, £ 
for 1 < i < I assume that v is of the following form: v = e 2 + aoei + a\te\ + ... + ait l ei. 
This vector t> is unique in L: this follows from dim^ L = I + 1 and linear independence of 
...,t l v. Further 1/ is uniquely determined by L: L'/L is a one-dimensional t-invariant 
submodule of N/L = (ei, ...,t l e~i)k, so L' = L © (t l ei)k- 

The inverse inclusion is easy: v £ L — N\ and ei generates the /c[i]-modules Af/L and 
iV/L'. □ 

Fourth step. Finally, we prove the existence of a locally closed subscheme J of S, isomor- 
phic to A' fc +1 such that $(k) = $pyi(k)- 

The partial flag manifold 5td0/+i,/+2(-^ r ) nas ( [Bo] 10.3) the open subscheme Y, defined 
over k, whose fc-valued points are: 

Y (k) = S E CB CAT- dim kE = l + l,dim k E 1 = l + 2,E Q n(e 1 ) m = 0, 1 
1 °~ X * ' ^ 1 n(ei,tei,...,t'- 1 ei)fc = j' 

(i+i) 2 +i 

As a /c-scheme, it is isomorphic to A) with the affine coordinate ring 

k[ciij, b p : < i, j < I + 1,0 < p < I], where a parametrization is given by 

E = {t l e 2 + J2j a-ijPei : i = 0, l) k , 

E 1 = E ® {t l e x + b oei + ... + b^t^e^k. 
All the arguments in the steps one, two and three will also work if we replace k by k. 
Therefore from Lemma [4.61 immediately follows that $py t i(k) C Y{k). Moreover, the closed 
subscheme J of Y defined by the ideal 

(ajj — aoj-i, ai'j',b p : < i < j < I + 1, < j < i < I + 1, < p < I), 

of k[aij,b p : < i, j < I + 1, < p < I] satisfies 3(k) = $py,i(k) and hence $pyi(k) is a 
locally closed subset of X SL2 (k). Further, we have: $ ^ A^ +1 . The uniqueness of J follows 



THE COHOMOLOGY OF AFFINE DELIGNE-LUSZTIG VARIETIES 25 

from the fact that a reduced /c-subscheme of X SL ' 2 is uniquely determined by its Ai-valued 
points. 

In the following, we denote the scheme J by dp,v,i- Thus we have: 

$p,v,i = Specfc[a 00 , -,a i] = A 1 ^ 1 . 

Fifth step. Now let V be arbitrary We can assume that C° M £ V. Then $ P , v ,i{k) C 
S r p,C° f ,i(^)- Consider the morphism of fc-schemes 

I 3 '■ $P,C° M ,l = Spec/c[a 00 , -,aoi] -> $p,c° M ,o = S P ec M a ool 
which is defined by using the coordinate rings from the last step: 

(3° : k[a 00 ] -> k[a 00 , ...,a j], a' 00 i-> a 00 . 

One sees easily that this morphism sends an alcove D £ 3p,c° to the first alcove of 
the minimal gallery stretched from P to D. Now an easy computation shows that there is 
an (unique) open subscheme of ■Spc° [ o> isomorphic to — V whose fc-rational points are 

$p,v,o(h)- 

We clearly have 

Sp,vAk)=p-\$pMk))' 
(as sets) and thus $pyj(k) is a locally closed subset of X SL2 (k) and there is a unique open 
subscheme of Bpc^u whose fe-valued points are $py,i(k). We denote this subscheme by 
fipyj. It fits into the following Cartesian diagram: 

(4.3) $P,V,l >- $P,V,0 



$P,C° M ,l »- $P,C° M ,0> 



where the lower map is (3. Now dpfi'l^o — ^jfc> ■Sp,v,o — ^\ — V, $ Pt c<^,i — an d 
since (3 is just the projection on the last factor and Sp,v,o ^ 3p,c° ,o * s the inclusion 
Fl - V <-> Fl - {pt} = A\, we have: 

dp,v,i = A l k x(Fl-V). □ 

Comparison of the two proofs. We go back to the assumption that P is represented by 
£o = © °i V = {C^}- In the first four steps we essentially proved that the open Schubert 
cell associated to v € W a with vC^ = CjJ l+1 ^ is isomorphic to A^ +1 . There exists also 
an other proof of this fact which works similarly as in the finite case (for the finite case 
compare [Bo], 14.12, the first theorem). This proof uses affine root subgroups of SL>2- They 
are given by (n e Z): 

/ 1 c t n \ _ / l 

U (a,n) = { I Q 1 1 : c € k}, l/ ( _ Qin) = { I 
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where a denotes the unique positive (finite) root of SL-2- We have: 

(3 = a and n > 0, or 



(/3, n) is positive if and only if 



f3 = —a and n > 0. 



Thus (/?, n) is positive if and only if Um in ) c I ■ The affine Weyl group acts on the set 
of all affine roots. 

Consider for every v £ W a the morphism of varieties (the left hand side carries a natural 
variety structure): 

(/3,n)>0,i;- 1 .(/3,n)<0 n 
In the other proof one shows that ip is an isomorphism. 

(t s o \ 



If Z + 1 = 2s > is even (the other cases are essentially the same) and v 
then 



r 



Zp,cl I ,iCk) = I SL2 vI SL2 /I SL2 
and we have the following morphisms of varieties: 

(4.4) H U M ^ !SL2 vI SL 2/I SL 2 = $ pcU (k) __> Specfc[a 00 , ...,ao,], 

0<n<l+l 

where the variety on the right hand side is the closed subvariety of Y constructed in our 
proof. We also constructed the map on the right and proved it to be an isomorphism. 

The image of a A;-valued point (c n ) l n=0 on the left, under the composition of the two 
morphisms, is a chain of subspaces of N (g> k (where N = £o/i' +1 £o) which is determined 
by the alcove 

V>((cj)n=o) = ^0 ^ C ° ^M' With notations as in the proof, choosing rep- 

resentatives inside £o of appropriate codimensions and dividing out i z+1 £o, gives the rep- 
resenting chain 

(e 2 + c ei + ciiei + ... + ei}^ C (e 2 + c ei + c\te\ + ... + qi'ei}^ (i ei}^ 
inside N <S)k. 

The vector d = e 2 + coei + citei + ... + Qi'ei is exactly the same as in Lemma I3~6l In the 
fourth step dp,v,i was parametrized by the coordinates of this unique vector v. Thus the 
composition of the two morphisms in (|4.4p is given on Ai-valued points by (c n ) l n=0 i— > (c n )^ =0 . 

Corollary 4.7. 

(i) Xei P be a vertex in 2$i,n > and V = &e i/ie sei o/ aZ/ alcoves in 25i, 

having P as a vertex, considered as a finite variety over k. Then there is a locally 
closed reduced subscheme of X SL2 , defined overk, whose k -valued points are exactly 
Z)Jg (P) = $p.v,n-i(k)- We denote this scheme again by (P). There is an 
isomorphism of k- schemes: 

^ 1 ( J P) = Ar 1 x(Pi,-pi(A;)). 
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(ii) Let P be a vertex in Am, n > and V be the set of all alcoves in Am, having P as a 
vertex (thus V has two elements). Then there is a locally closed reduced subscheme 
of X SL ' 2 , defined over k, whose k-valued points are exactly D^ M (P) = $p,v,n-i(k). 
We denote this scheme again by D\ (P). There is an isomorphism of k- schemes: 

^ M (P)-Ar 1 x(Pi,-{0,oo}). 

(iii) Let m G {0, 1} and P m be the vertex represented by o © t m o. Then there is a locally 
closed reduced subscheme of X SL2 , defined over k, whose k-valued points are exactly 
D^ ir (P m ) = 5p c o n _i(k). We denote this scheme by D™ (P m ). There is an 

C M m ' M> M 

isomorphism of k- schemes: 

D n c0 JP m )^A n k . 

Proof. It follows directly from the Proposition. □ 
In particular, the varieties D^ 1 (P), D^ M (P), D^o (Pi) are all smooth and irreducible. 

4.2. Some preliminaries before stating the results. 

Recall that = Ker(vL ° det : J& — ► Z) and J^ 1 " 2 = J^Ci SL2(L). We introduce the 
following notation: 

Notation 4.8. Let b G GL^iV). Let m € {0, 1} ; and let P m be the vertex o/23oo represented 
by o ©i m o. Set 

r SL 2 ,(m) 

■'b 



K b 2 = StabjSL 2 (P m ) and 



Kl m> = Stab^(P m ), 

where Stab sL 2 (P m ) resp. Stab#.(P m ) denotes the stabilizer of the vertex P m under the 
J b 

action of jf h2 resp. Hf,. 



For the rest of the work we also use the following notation: for m G {0, 1} we set 

9m 

(i.e. #0 = !)■ Easy computations give: 



1 

t m 



Remark 4.9. 

(i) Let 6=1. Then for m G {0, 1}: 

K^ (m) = g m SL 2 (o F )g- 1 and 

K[ m) = g m GL 2 (o F )g- 1 . 

(ii) Let b = ( ^ \ with a > 0. Then for m G {0, 1}: 



2N 
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*f 2 ' M = T^(0 F ) = {(1 M :aeo*} anc 
K { r ] = no F ) = {(l °Y.a,beo*}. 



For every b G GL2(L) and m £ {0, 1}, we have: 



K SL 2 ,{m) Q jSL 2 Q H b CJ b , and 



Lemma 4.10. 



(i) Let 6 = 1. T7te group Hi resp. J^ L2 acts transitively on SB^ , and the stabilizer of 



P m is the subgroup resp. x^ L2 ^ m \ 



(ii) Let b = ( 1 ° ) . The group Hj, resp. J b L2 acts transitively on Affl, and the 



stabilizer of P m is the subgroup resp. x^ L2 . 

Proof Thati^ m) resp. K^ L2 ' is the stabilizer of P m under these actions, follows directly 
from Definition H31 The only thing to show is the transitivity. Since fl& D J b L2 > it is enough 
to show this for J b L2 ■ 

In the first case (b = 1) we have jf L2 = SL 2 (F). Let P € <B { ™ ] be represented by 
a Op-lattice £ in F 2 with A 2 £ = t m 0F and let {vi,v 2 } be an o^-basis of it such that 
the determinant of the matrix, having v\, v 2 as columns, is t m . If now {ei,e2} is the 
standard basis of F 2 , then P m is represented by the lattice with basis {ei,t m e2}- Now the 
matrix x sending {ei,t m e2} in {v\,v 2 } has determinant 1. We have xP m = P and thus 
J 1 acts transitively on . In the second case the proof is a similar straightforward 
computation. □ 

Notation 4.11. For m G {0, 1} we set: 

= Stab Hl (CS). 

Thus, 

1^ =g m (LnGL 2 (F))g m 1 
(in particular, I® = I D GL 2 {F)) or more explicitly: 




j(0) = I°F °F\ j(l) 



-1 



4.3. The first case: X^ La (l) and X w (l). 
We have jf L2 = SL 2 {F) and Ji = GL 2 (F). 



Proposition 4.12. 
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(i) We have: 

X^(l)= J] {pt} and X 1 (l)^Y[{pt} 

jS L 2/(lSL 2 nSL 2 (F)) Ji/I m 

as k-varieties, and J 1 Li resp. J\ acts on the set of these connected components by 
left multiplication on the index set. 

(ii) Let now 1 ^ w G W a such that X w {\) ^ and m G {0, 1} as in Proposition \3. % ii). 
Then 

i(w)-l 

X S W L2 {1) = U A k 2 x(pi-pi(fc)) and 

J SL 2 ^SL 2 ,( m ) 

t(w)-l 

X w (l) - II A, 2 x(pi-pi(fc)) 

.h/K[ m) 

as k-varieties, and J 1 1/2 resp. J\ acts on the set of these connected components by 
left multiplication on the index set. 



Proof. We prove (i). From Proposition I3.7f i) follows that the variety X l 2 (1) is a disjoint 
union of points, J^ L2 acts transitively on the set of these points, and the stabilizer of 
one of them (we take C° M ) is I SL2 n SL 2 (F). Thus the assertion about Xf L2 (l) follows. 
For ^i(l) we have to replace J^ L ' 2 by H\. The stabilizer of inside Hi is Thus 
Xf L2 {\) = Uj^/rco) {pt}- The assertion about -^i(l) follows now from Proposition 12.231 

= II II W = II W. 

where the Ji-action on the set of the connected components is given by left multiplication 
on the index set. 

To prove (ii), let w ^ 1 such that X^ L2 {1) ^ (see EZT£ii)) and let m G {0,1} be 
as in Proposition I3.7t n). Let i = e ( w ) +1 . p or every P G 5S^ m ' ) the variety (P) is 
connected (Corollary I4.7[) . J-f L2 acts on the set of the connected components of X^ L2 (1) = 
]J pg5S (m) (P) by translating them: thus the action is given by permuting the vertices of 

departure. They lie in and J± L2 acts transitively on them (Lemma 14. 10|) . The vertex 
of departure of the connected component Djg (P m ) of Xi^ L2 (l) is P m , and its stabilizer is 
^-5L 2 ,(m) rj-^ e assertion about X^ L2 (1) follows thus from Proposition I3.7f ii) and Corollary 

O T 

For Hi instead of J 1 2 we have completely analogously: 

e(w)-i 

X^{1)= II A k 2 x(¥l-Fl(k)), 
and thus from Proposition 12.231 follows 

t(w)-l i(w)-l 

X w (l)= II X " L2 ( 1 )= II II A * 2 x(H-Wl(k))= II A k 2 x(P£-Pi(A0), 
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where J\ acts on the set of the connected components by left multiplication on the index 
set. □ 

4.4. The second case: X^ h2 {b) and X w {b) for diagonal b+\. 

Let b = P ^\ with a > 0. Then J fc = T(F), jf L2 = T SL2 {F). Recall that we have 

= T(o F ) and K^ 2 ' {m) = T SL *(o F ). 

Proposition 4.13. 

(i) Let w G W a with £{w) = a. We have: 

X^ 2 (b) = II {Pt} and X w {b)^ ]J {pt} 

jSL 2/K SL 2 , (a) Jb/K ( 0) 

as k-varieties, and J^ L2 resp. Jb acts on the set of these connected components by 
left multiplication on the index set. 

(ii) Let w G W a such that £{w) > a and X w (l) ^ 0. Let m 6 {0, 1} as in Proposition 
WHY Hi). Then 

l(w)-a-l 

X% L2 (b) II A k 2 x(P£-{0,oo}) and 

j SL 2 I Tf SL 2<( m ) 

e(w)-a-l 

X w (b) - \\ K 2 x(pi-{0,cx)}) 

as k-varieties, and J^ L2 resp. Jb acts on the set of these connected components by 
left multiplication on the index set. 

Proof. To prove (i), notice that from Proposition 13.11"! the variety X^ L2 (b) is a disjoint 
union of points if £(w) = a. If wC^ = Cfj resp. wC^ = C^ a , the group jf L2 acts 
transitively on the set of these points, resp. CL is one of them and the stabilizer of C% 
resp. Cjrf is K^ L2 '^°\f). Thus the assertion about X^ L2 {b) follows. The assertion about 
X w (b) follows analogously (as in Proposition 14.121 (i)) from Proposition 12.231 since iff is 
the stabilizer of resp. C]^ under the action of Hb- 

The proof of (ii) is the same as the proof of Proposition 14. 121 (ii) (one has to replace Q3]" 1 
by and use Proposition 13.111 instead of Proposition 13. 7p . □ 

Remark 4.14. Recall that J b /K { b m) = T(F)/T(o F ) ^ J?. Thus if X w (b) is non-empty, 
then 7r {X w (b)) = I?. 

4.5. The third case: X^ih) and X w (h). 

Let E denote the unramified quadratic extension of F contained in L. Then (compare 
Example (hi) in [27 



J, 



bi 



a a(c) 
tc cr(a) 



: a,c £ E, aa(a) - ca(c)t G F x . 
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We understand the affine space of dimension zero to be a point. Recall from Proposition 
13,151 that X w {b\) is non-empty if and only if £(w) is even. 



Proposition 4.15. Let w G W a such that X w (b\) ^ 0. Then 
as k-varieties. Further: 



2 



as k-varieties, and J{, 1 acts on the set of these connected components by left multiplication 
on the index set. 

Proof. The claim about X^ L2 (bi) follows directly from Proposition 13.151 and Corollary 14.71 
The claim about X w (b\) follows now from Proposition 12.231 □ 

Remark 4.16. 

(i) Recall that J^/H^ = Z. Thus if X w (pi) is non-empty, then TT (X w (bi)) = Z. 

(ii) The next Lemma says that H bl = Thus we can write X w (b\) more similarly 
to the two previous cases. In fact, let w G W a such that X w (b\) is non-empty and 
let m G {0, 1} be as in Proposition 13.151 Then: 



X w (h)^ J] A 



<(:,■) 
2 

k 



Lemma 4.17. We have = K^f 1 ■ 



x 



G Hb 1 with a, c G E (compare Example (hi) in I2.4p . 



Proof. By Definition we have C Hb 1 , hence it is enough to prove that H bl C K^ m \ 

This is equivalent to saying that Hb 1 stabilizes Po and Pi. Thus we have to prove that 
Hb ± Q I- Let E be the unramified quadratic extension of F, contained in L, and assume 
' a a(c) 
ytc a{a) / 

Since x G H^, we have = VL,{det(x)) = VL(aa(a) — tca(c)). But vi(aa(a)) is even and 
VL(tca(c)) is odd. Thus we have = min{v L(aa (a)), vl (tea (c))}. From this follows a € o x 
and c G o. Hence tc G p and o~(c) G o. From all these follows x G /. □ 

5. The cohomology of X w (b) 

Extend the scalars to k. Let 

X w {b) = X w (b) x Specfc SpecAi. 

The group Jj, acts on X w (b) and thus on X w (b) and this action induces an action on the 
cohomology groups with compact support H*(X w (b),Qi) where I ^ p is a prime. In this 
section we will compute the cohomology groups of X w (b) and the induced representations 
of Jb on them. All representations we consider are Qj- vector spaces. The group Jb is in 
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every case locally profinite and the representations we get are smooth (in the sense of [BH] 
2.1). 

Beside «/{,, also the Galois group 

T = Gal(jfe/jfe) 

of the extension k/k acts on the cohomology H*(X w (b),Qi). If X is a representation of a 
group G and neZ, then we write X(n) for the twisted representation of G x T, which is 
isomorphic to X as G-representation, and on which the topological generator a of T acts 
by multiplication with q n . By abuse of notation we write sometimes X instead of X(0). 

If G is a locally profinite group, then the (compact) induction of smooth representations 
from an open subgroup K of G (see sect. l5.1l below or [BH] 2.4-5 for Definitions) commutes 
by construction with this twisting: if X is a smooth representation of K, then 

c-IndgX(n) = (c-Ind£x)(n) and lnd% X(n) = (Indg- X)(n). 

We will identify these terms, and only use the left side. 

To simplify notation we write in the future P n and A n for Pjr and A jr. Further, we will 
write P 1 — P 1 (fe) for the scheme (Pi — Pl(&)) x Specfc Spec A;, which is the projective line over 
k with the q + 1 points defined already over k deleted. 

5.1. Three Lemmas. 

Here we will prove three easy facts which we use later on. 

Lemma 5.1. Let X be a connected smooth projective curve over k, and let G be a group 
acting on X. Then the induced action of G on H^(X,Qi) for r = 0,2 is trivial. 

Proof. This follows from the fact, that the induced action of G on the constant sheaf is 
trivial and from Poincare duality. □ 

Now we will prove two group-theoretic Lemmata. If G — > H is a homomorphism, then 
inf^ denotes the inflation of representations from H to G. If tt is a representation of a 
group G, and K C G is a subgroup, then we also write tt for the restriction of tt to K if it 
causes no ambiguity. 

The induced representation Ind^- tt of a smooth representation (tt, V) of a closed subgroup 
K of a locally profinite group G is the set of functions /: G — > V, satisfying the conditions 

(1) f(kg) = TT(k)f(g) for all g G G; 

(2) there exists a compact open subgroup P of G such that /(<7p) = /(#) for all g € 
G,pGP, 

and on which G operates by (gf)(x) := f(xg). The compactly induced representation is the 
subspace c — Ind^ tt of Ind^ tt which consists of functions / : G — > V with the additional 
property 

(3) the image of the support of / in the set of right cosets of G modulo K is compact. 

Lemma 5.2. Let a : G ^ K be a continuous, surjective, open homomorphism of locally 
profinite groups, N an open subgroup of K and R = a^ 1 (N). Let (tt,V) be a smooth 



THE COHOMOLOGY OF AFFINE DELIGNE-LUSZTIG VARIETIES 



33 



representation of N . Then we have an isomorphism of smooth G -representations: 

infg Ind^ 7T = Indg inf$ tt. 

Proof. Induction from open subgroups and inflation respect smoothness. Consider the two 
maps: 

mfglnd^vr -> Indginfftvr, f " (f : G ^ V)J(g) = f(a(g)) and 

Indg inf* 7r -> infg Ind£ tt, / h-> (/ : K -> V), /(fc) = /(</), for some 5 G a" 1 ^). 

It is straightforward to show now that these maps are well-defined (i.e., the functions in the 
image satisfy the conditions (1) and (2) and the second map is independent of the choice of 
the preimage of k), inverse to each other and both G-equivariant. □ 

Lemma 5.3. Let H be a locally profinite group, and K, N two open subgroups such that 
H = K ■ N where K ■ N = {kn: k G K,n G N}. Let (ir, V) be a smooth K -representation. 
Then there is the following isomorphism of smooth N -representations: 

Indf vr = Ind£ niV tt. 

Proof. Induction from an open subgroup respects smoothness. Consider the two maps: 

Indf7r -> Ind^ n7V 7r, / (-»■ f\ N , and 

Ind^ nA r7r — > Ind^7r, /•—>/, where f(kn) = ir(k)f(n), for all A; G -ftT, n G iV. 

It is straightforward to show now that these maps are well-defined (i.e., the functions in the 
image satisfy the conditions (1) and (2), and the second map is independent of the choice 
of k and n), inverse to each other and both A^-equi variant. □ 

5.2. The first case: cohomology of X w (l). 
Let 6 = 1. We will use the following notation: 

G := GL 2 {F) = Jl 



Recall that for m G {0, 1}, we denoted by P m the vertex in 23 oo, represented by the lattice 

o N 

t m 



chain o © t m o, by g m the matrix ( ] , and finally we had the stabilizer of P m under 



the action of H\ : 

Kl" L > = g m GL 2 (o F )g m . 
For any group TV, let 1^- denote the trivial representation of ./V on the one-dimensional 
Qz-vector space. Let B denote the subgroup of upper triangular matrices of GL2(k). Then 
the Steinberg representation StcL 2 (k) of GL2{k) is defined by the following exact sequence: 

% Ind| L2(fc) l Wi St GL2(fc) >- 

where the image of the first map is the set of the constant functions. This sequence is split 
and we have 

%©St GL2(fe) -Ind| L2(fc) l w 
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The representation St GL2 ^ is irreducible. For all these facts about St G £ 2 (»> we refer to [BH] 
6.3. 

For m £ {0, 1} the map 

7r m : — ► GL 2 (k),x i-> g^xg m mod ^1 + 

is continuous, surjective (for m = it is just the projection on GL2(k) induced from 
the projection Of — » Of/Pf = k and for m = 1 first conjugation by gj -1 and then this 
projection) and open (GL 2 (k) is finite). Recall that 1^ = Stab Hl (C$) (Notation HUD . 
We have 1^ = ir^(B). For m € {0, 1} set: 

St := mf G [ 2(fc) St GL2(fc) , 

where we inflate with respect to 7r m . Since StcL 2 (k) is irreducible, St is as well. As an 
inflation of a representation from a finite group, St clearly is smooth. From Lemma 15.21 we 
have the exact sequence for m € {0, 1}: 

(5-1) % Ind^L7 % -St , 

where the image of the map on the left side is the set of the constant functions. Notice that 
the index of I*" 1 ) in K[ m is q+ 1, thus St is (/-dimensional, and that 1q-© St = Ind /{ ^) 1q-. 

Proposition 5.4. Let w € W a such that X w (l) ^ (Proposition \3. 7\ ) and if w ^ 1 let m 

be as in Proposition 3.7 There are the following isomorphisms of G x T-modules: 

(i) ifw = l, 



c - lnd% 1^ ifr = 0, 
else. 



(ii) Ifw + \, 



H r c {X w {l),\ 



h) = 



c-Ind" (ra) St(^=i) ifr = i{w), 

c " Ind ^> %(^) r = £ ( w ) + 
else. 



Proof. Here the cohomology with compact support of a disjoint union of schemes of fi- 
nite type over k is defined as the direct sum of the cohomology with compact support of 
these schemes. With this definition, the cohomology with compact support commutes with 
colimits. For w = 1, we get from Proposition 14.121 

HKX^M) = Ki II {pt}M = c - Ind%(H r c ({pt},®i))- 

The cohomology of a point in positive degrees vanishes and for r = we have: H°({pt},Qi) = 
Iqj. The action of T on the zero cohomology group with coefficients in a constant sheaf is 
trivial. Hence (i) follows. 
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Assume now w 7^ 1 such that X w (l) 7^ and m € {0, 1} as in Proposition 13.71 Then 
from Proposition 14.121 follows: 



H r c (X w (l),Qi) = Hl( \\ x (P 1 -P 1 (A:)),Q / 



G/K[ m) 



IndJ (m) (^(AT x (P 1 -P 1 ^))^))- 



The group acts trivially on the first factor of the Kiinneth-formula of the right hand 

side, thus the K[ m ^ -actions on both sides in the following equation (applied to Y = P 1 — 
F 1 (k)) coinside. For any scheme Y over k, we have: 

(5.2) H r c (A n x Y,Ql) = K~ 2n {YMi(n)). 
From this follows 

(5.3) Hl(X w (l)M) = c - Ind^ m) (F r ^)+i (] pi _ pi( fc)) ^ ( Mzl))). 

Now it suffices to determine the action of K[ m ^ and of T on the cohomology groups of this 
variety. Thus we have reduced the computation of the cohomology of X w (l) to the coho- 
mology of the Drinfeld upper halfplane O? = P 1 — F 1 (k), which occurs in the theory of finite 
Deligne-Lusztig varieties: fi| is isomorphic to the Deligne-Lusztig variety corresponding to 
SL>i(k) and to the unique nontrivial element of the Weyl group of SL/2(k). 

In fact, F 1 -F 1 (k) is one-dimensional, thus all cohomology groups in degrees r > 2 vanish. 
Recall that 

(Wl ifr = 0, 

(5-4) H r c (¥\Q l ) = Iqi(-l) ifr = 2, 

[0 else. 

Consider now the Mayer- Vietoris long exact cohomology sequence for the cohomology with 
compact supports arising from the decomposition P 1 = (P 1 - F 1 (k)) U F 1 (k): 

— - ^(P 1 - p 1 ^),^) Wi H° c (F l (k),qi) 

— > h^f 1 - p 1 ^),^) *■ *- 



^H^(F 1 -F 1 (k),Q l ) -Q/(-l) -0. 

Since P 1 — F 1 (k) and F 1 (k) are both stable under the Qj-vector spaces in the above 



sequence are K[ m ^ -representations and the morphisms are irj"^-equivariant. P 1 (fe) rep- 
resents the alcoves of 53i around P m , and acts transitively on them. Hence the 
group H®(F l (k), Qi) as -representation is the induced representation from the trivial 
representation of the stabilizer of one alcove (we take ). From Lemma 15.11 follows: 
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H^F 1 ,Q/) = 1q- as ^"^-representation. The map on the right in the first line is the 
inclusion in (15. ip . Thus 

H^F 1 -F 1 (k),Wi) = 0, and 
HliF 1 -F\k),Qi) = St. 
as ifj -representations. As a representation of T the latter is trivial. Further, 

H^F 1 - F\k)M) = H 2 c (F\Qi) = %(-l) 

is trivial as K[ m ^ -representation by Lemma [5. 11 For any scheme Y over k and for any n we 
have: 

(5.5) H r c (Y,Qi(n)) = H r c (Y,®i) ®Wi{n). 



Hence 



^(pi-pl^Q^M-Jl)) 



St(^=i) ifr = l, 

%(^) if ^ = 2 > 
else. 



From this and (|5.3[) follows: 



H^\X w (l),Qi) = c-Ind^ m) St(^-^), 

H^+\X w (l),®l) = c-Ind^ m) l w (^^), 
and H r c (X w (l),Qi) = 0, for r + £(w),£(w) + 1. □ 

In particular the representations H*(X w (l), Qi) are smooth. We will further investigate 
them in subsection 15. 



5.3. Some representation theory of GL2(F). 

Here we recall briefly some aspects of the representation theory of the locally profinite 
group G := GL2(F). For a more detailed discussion we refer to [BH], paragraph 9. We 
assume here all representations to be smooth. By a character of a locally profinite group 
N we always mean a continuous homomorphism N — > Q/ X . To give such a character is 
equivalent to giving a (smooth) one-dimensional representation of N. For m G {0, 1} the 
subgroups K[ m ^ of G are compact and open. 

Let B denote the Borel subgroup of upper triangular matrices in G. Recall further that 
T{F) is the diagonal torus of G contained in B. Thus 

B = {r Q J GG: a,cG F X ,&G F} and T(F) = { °J G G: a,c G F x }. 

The map [ M ► [ ° ^] gives a projection from 13 to T(F). Since T(F) is abelian, 
any irreducible representation \ °f T{F) is a character. We can innate it to a character of 
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B by using this projection B — > T{F). This inflated character of B will also be denoted by 
X- 

If (f> is a character of -F x , then set 

<f>G '■= 4>° det . 

Then ^ is a character of G. If <fi ranges over all characters of F x , then <f>Q ranges over all 
characters of G ( [BH] 9.2 Proposition). 

We can also associate to (j> the character <px of T(F), defined by 

M (o °)) : =*(°M 6 )- 

In other words 4>t = 4> ® 4>- The (twisted) Steinberg representation <p ■ St^r of G is defined 
by the following exact sequence: 



(5.6) (f> G >■ Indg fa St G > • 

The class of all irreducible smooth representations of G can be divided in two disjoint sub- 
classes: the principal series (or noncuspidal) representations and the cuspidal representa- 
tions. Now, following ( [BH], 9.11) we list all isomorphism classes of irreducible noncuspidal 
representations of G: 

(1) the irreducible induced representations Ind^ x where x ranges over the characters 
of T(F); 

(2) the one-dimensional representations 4>g, where 4> ranges over the characters of F x ; 

(3) the special representations 4> " Stc, where cf> ranges over the characters of F x . 

Definition 5.5. A character % ofT(F) resp. of F x is called unramified if x is trivial on 
the subgroup T(of) resp. on o F . 

Proposition 5.6 (Frobenius Reciprocity). Let H be a locally profinite group and K an 
open subgroup. Let n be a smooth representation of H , and x a smooth representation of 
K . Then there are the following isomorphisms which are functorial in both variables: 

(i) Hom//(c - Ind^ x, = Homx(x, tt)- 

(ii) Honiff(7T,Indf x) = Homx(vr,x)- 

Proof. For the proof we refer to [BH] 2.4-5. □ 



5.4. The representations H*(X w (l),Qi). 

If V, W are two G XT-representations then the Q;-vector space Hornby, W) is in a natural 
way a T-representation: ('yf)(v) := jf('~f~ 1 v). We see all representations Ind§ x, 4>c 4>- Stc 
of the last section as trivial T-representations. Thus the Q^-vector spaces 
Homc*(i^c (X w (l), Qi), Ind# x), ... are T-representations. 

Theorem 5.7. Let 1 ^ w G W a such that X w (l) ^ 0. 
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(i) Let x be a character ofT(F). Then 



Hom G (^(») +1 (X w (l), Q { ), Indg X ) 
(ii) Let (f> be a character of F x . Then 

Kom G (H^ +1 (X w (l),Wi)^G) = { 



2 ) ^ ' X unramified, 
e/se. 



Q;( 3 if 4> unramified, 

e/se. 



(iii) Lei 6e a character of F x . Then Uom G {H e c (w)+1 {X w (l), %), <f> • St G ) = 0. 

(iv) Lei ir be a cuspidal representation of G. Then 
Kom G (H l c {w)+l {X w {l)Mi)^) = 0. 

Proof. Fix a u; G W a such that 7^ 0. The Frobenius morphism a € T acts on 

i? c (X^(1),Q^) by multiplication with q 2 (see Proposition I5.4p . and trivial on all 
representations standing on the right side in Hom G (-, •). Thus it acts by multiplication with 

Z-l(w) 

q 2 on the Horn-spaces. 

Let now m € {0, 1} be as in Proposition 13.71 Then B and K[ m ' are open subgroups 
of G, and they satisfy B ■ = G. Hence from Proposition 15.41 we get with Frobenius 

reciprocity and Lemma 



Rom G (H e c ^ +1 (X w (l), Qi),Indg X ) = Hom G (c - Ind^ m) %, Indg x ) 

T r im , m Tnrl^^ v^-TTnrr, fl - J Q ' if % =Xl Bn<">' 

Hom x ( m) ( l w , Ind sn ^ m) x) - Hom B ^, ra) (%, X) - < 



else. 



But 



(5.7) Br\K\ 



(m) _ / o£ i Of 



0* 



is mapped onto T(of) under the projection from B to T(F), and hence 1^- = x\ BnK (™) if 



and only if x is unramified. Hence (i) follows. We prove (ii) similarly: 

Rom G (H e c ^ +1 (X w (l),qi), <t>G) = Hom G (c - Ind^ (m) G ) = 
= Hom^ (ro) (%, G ) 



'i if !o7 = ^ det I „( m) . 



else. 

But det(K[ m ^) = o F . Thus 4>g\ k (™) = 1q~ if an d only if is unramified. 

To prove (iii) and (iv), notice that if ir is some smooth representation of G with 
Hom G (c — Ind G (m) lg-, vr) 7^ then 7r has a 2w m -stable vector: 

(5.8) vr 1 = Hom K ( m) (1q-, tt) = Hom G (c - Ind^ (m) 1^-, vr) ^ 0. 
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To prove (iv), notice that if nneqO contains the trivial character on L^ C and is not 

cuspidal by [BH] 14.3 Proposition. To prove (hi), it is enough to show that ((/>-St G ) Al = 0. 
Every smooth K[ m ^ -representation is semisimple since K^ 1 ' is compact ( [BH] 2.2 Lemma). 
Thus we have from (15.61): 



(5.9) (t>G\ K {m) 4> ■ St G \ K (m) = (Indg0 T )| x (m). 

Hence: 

Hom^ ( m) (1^, 4> G ) Hom x ( m) (1^, (f> ■ St G ) = Hom^( m) (1^, Indg <j) T ). 
The proofs of (i) and (ii) give: 



\i if 4> unramified, 
else. 



Hom^( m) (lgj, Ind s <£ T ) = Hom^) (lqp </> G ) = < 

In both cases ((f) unramified and (f) not unramified), by dimension counting, it follows 
(<P • St G )^ m ' = Hom^, m) 4> ■ St G ) = 0. □ 

Theorem 5.8. Let 1 ^ w £ W a such that X w (l) ^ 0. 
(i) Let x be a character ofT(F). Then 

Rom G (H e c ^(X w (l)Mi)Md ( ix) = { 



Ql C 2^ ) X unramified, 



e/se. 

(ii) Lei be a character of F x . Then Bom G (H e c (w) (X w (l), Qi), <f> G ) = 0. 



Q;( 1 if (f) unramified, 

else. 



(hi) Let 4> be a character of F x . Then 

Uom G (H^(X w (l),Wi),<p-St G ) = { 



(iv) Let it be a cuspidal representation of G. Then Homo(-fff (X w (l),Qi),ir) = 0. 

Proof. Fix a w € W Q such that X^l) ^ 0. Analogous to the last theorem, a G T acts 

on H c (X w (l),Qi) by multiplication with q 2 , and trivially on all representations 

i-i(w) 

occur ing on the right hand side in Homc(-, •)• Thus it acts by multiplication with q 2 
on the Horn-spaces. 

Let now m € {0, 1} be as in Proposition 13. 71 Set: 





r 






(k x 


°) 


v° 


k X ) 


K (m) 


under 



I e G, U {m) := w (m) / (m) (w M ) -1 n/ (m) . 
Let further T = I J be the diagonal torus in GL^(k). Then is exactly the 
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(5.10) £/(«)= (< M u0) I °* ° F 



F 



Lemma 5.9. We have the following isomorphism of B -representations: 

StGL 2 (k) \b — Ind f %■ 

Proof of Lemma. Let u) = ^ The decomposition of GL2(k) in double cosets modulo 

B is given by 

GL 2 {k) =BUBloB, 

compare [BH] 5.2. Further, uiBlu' 1 is the subgroup of lower triangular matrices in GL 2 (k) 
and B n loBlo^ 1 = T. Hence the Mackey formula, [We] 4.2 implies: 

% © St GL2(fc) = (Ead^W % % - % © Indf^., % = % © Indf 

From this follows Stc L 2 (k) \~b — in d^ l^p □ 

By commutativity of induction and inflation (Lemma 15.21) . we get from the last Lemma: 
(5.11) St| /(m) ^ Ind^ %• 



Now we prove (i). The subgroups J3,lf^ of G are open, and they satisfy -B • Ifj 77 ^ = G. 
Hence we get from Proposition 15.41 with Frobenius reciprocity and Lemma l5.3t 



Rom G (H^(X w (l), Qi), Indg X ) = Hom G (c - Ind£ (m) St, Indg x) 



Hom^( m) (St, l ^ B l nK {m) X) = ^ om BnK ^) (St, x). 



But B n K[ m) = (° F f X ° F ) = B n /( m ) , and C/( m ) • (B n I (m) ) = / {m) , hence from flCH) 

V °f / 
follows with Frobenius reciprocity and Lemma [ 



Hom Bnx (m) ( St ' x ^ = Hom Bn/("') (K'S %> x) = Hom Bn/(m) (Ind|™ ( £,) 1^, x) 



Hom BnC/( m ) (%> X) 



Jj if x unramified, 
else, 



since BnU^ is mapped onto T(of) under the projection from B to T(F) (compare (I5.10P ), 
Now we prove (ii): let <f> be a character of F x . Consider 



Hom G (c - Ind£ (m) St, c/> G ) = Hom^( m) (St, cp G ). 
acible and c 

no morphisms between them. Thus (ii) follows. 



Now St and (f>G\ K {m) are both irreducible and dim^-St = q, dim^^c = 1- Thus there are 
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In particular, Horn ( m ) (St, (f>a) = an d thus from (|5.9p follows: 

K i 

Hom^ (m) (St, 4> • Stc) = Hom x ( m) (St, 4>g) © Hom^mj (St, 4> • St^) = Hom^™) (St, Ind§ 4>t)- 

From Frobenius reciprocity and the proof of part (i) follows now: 

Hoiiig(c — Ind^. (m) St, (p ■ Stc) = Horn ( m > (St, <fi ■ Sta) = Horn ( m ) (St, Ind§ 0t) 
k i K i A i 

^ if unramified, 
else, 

since 4>t is unramified if and only if (f> is. 
Now it remains to prove (iv). 

Lemma 5.10. We have: Ind /( J n) 1^- = Ind /( J ) 1^-. 

Proof. We recall from the proof of Proposition l5.4l that Ind^j 1^- is the K\ -representation, 
which one obtains by letting K^ 1 act (transitively) on the alcoves in *Bi having P m as a 
vertex, and then taking its action on the zero cohomology group of ¥ 1 (k): it is the induced 
representation of the trivial representation of the stabilizer of one of these alcoves. But 

has both Pq and Pi as a vertex and thus Ind /( ^) 1q- = Ind /( J } 1q-. □ 



Thus we have: 1^- © St = Ind^^j 1^- = Ind^^ 1^-. Now consider any smooth repre- 
sentation 7r of G with Homc(c — Ind^^j St, tt) ^ 0. Then: 

/ Hom G (c - Ind^( m) St, tt) = Hom^( m) (St, tt) C Hom^™) (Ind /{ J } 1^-, tt) = Hom /(0 ) (1^-, tt) 

Thus tt would contain the trivial character of 1^ = I n GL2 (F) . Then tt is not cuspidal 
by [BH] 14.3 Proposition. □ 

The next Corollary shows that H®(Xi(l), Q/) contains no new information. 

Corollary 5.11. As G x V -modules we have: 

H° c (X x (l)Ml) = c - Ind£( 0) % © c - Ind£ (0) St. 

(i.e. the V -action is trivial). 

(i) Let x be a character ofT(F). Then 

HomG^Xi^Q^Indgx) 

(ii) Let <j) be a character of F x . Then 

n — , , — * , Ql if <t> unramified, 
Hom G (H° c (X 1 (l),Q l )^G) = { 

else, 



—2 

Qi if x unramified, 
else. 
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(iii) Let 4> be a character of F x . Then 



Bom G (H c (X 1 (l),q l ),^-St G ) 



if 4> unramified, 
else. 



(iv) Let ir is a cuspidal representation of G, then Hoid.q(H^(Xi(1), Qi), w) = 0. 

Proof. The triviality of T-action follows directly from Proposition 15. 4f i). We have iQ-®St = 

Ind /( J) 1q- = c — Ind^ 1^-, since K{ /P°> is finite. Now from Proposition I5.4f i). from 
additivity (compare [BH] 2.4-5) and transitivity (see [We] 4.1.15 for the case of finite groups) 
of the compact induction follow 

H° c (X l (l),Qi) = c-Indf C0) % 

r K (0) 
= c - Ind K ( 0) c - Ind n l } 1^ 

= c - Ind^, 0) (l w © St) = c - Ind^o % © c - IndJ( 0) St. 
as G-representations. Now (i)-(iv) follow from the Theorems 15.71 and 15.81 □ 

5.5. The second case: cohomology of X w (b) with diagonal 6^1. 

Let b = ^\ with a > 0. Recall that J b = T(F) and K^ m) = T(o F ) for m € {0, 1}. 
In particular all these groups are abelian. 

Proposition 5.12. Let w £ W a such that X w (b) ^ (compare Proposition 1 3. 1 f]) . and 

if i{w) > a, let m be as in Proposition \3.11\ There are the following isomorphisms of 
J;, x V -modules: 



(i) ifl(w) = a, 

H r c (X w (b),®l) 

(ii) If£(w) > a, 

H r c (X w (b),Qi) 



c-lndj (0) l^ ifr = 0, 
else. 



n b 


if r = i 


9 ,(w) — a, 


I c Ind Ji > 1 ( e ( w )- a - 3 ) 


ifr = i 


%w) - a + 1, 


lo 


else. 





Proof. We prove (i). If ^(u>) = a, then we get from Proposition 14. 131 

Hl(X w (b)Mi) = Hl( J] {pt}Ml)=c-lnd J \ ) {H r c ({pt},qi)). 



Jb/K^ 



The cohomology of a point in positive degrees vanishes and for r = we have: H^({pt}, Qi) = 
lqp as K^™ 1 ' -representation. The action of T on the zero cohomology group with coefficients 
in Qi is trivial. Hence (i) follows. 
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Consider now a w € W a with £(w) > a such that X w (b) ^ 0, and let m £ {0, 1} be as in 
Proposition 13.111 Then from Proposition 14. 131 follows: 

(5.12) H r c (X w (b),Qi) = Ki II A^^ 1 x (P 1 - {0, oo}),Q^) 

= c-IndJ (m) (^(A 1M i^ x(P 1 -{0,oo}),Q;)). 

Now (I5.2p implies: 

(5.13) i^A^^i^ 1 x (P 1 - {0,oo}),Q0 = flJ-'W+«+i(pi - {O.oo},^ ^""" 1 )), 

Hence it suffices to determine the action of and of T on the cohomology of P 1 — {0, oo}. 
First of all P 1 - {0, oo} is one-dimensional, hence all cohomology groups in degrees r > 2 
vanish. 

Using (|5.4|) . we get the Mayer- Vietoris long exact cohomology sequence for the cohomol- 
ogy with compact supports arising from the decomposition P 1 = (P 1 — {0,oo}) U {0, oo}, 
where {0, oo} represents the two alcoves of Am having P m as a vertex: 

^(P 1 - {0, oo}, Qi) Qi H° c ({0, oo}, qi) 

H^F 1 - {0,oo},Q0 

^(pi.^xJ.Qj) ^Qj(-l) -0. 

Since P 1 — {0, oo} and {0, oo} are both stable under K^, the Q;-vector spaces in the 
above sequence are K^ m ' -representations and the morphisms are -/^"^-equivariant. But 
Kjj 71 ^ = T(of) stabilizes every alcove in Am, and thus acts trivially on {0, oo}. Hence the 
group H®({0, oo}, Qi) is isomorphic to 1q- © 1q- as K^ m -representation. The map on the 
right in the first line is the diagonal embedding 1q- 1^- © 1q-. Thus 

H^F 1 - {0,oo},~Qi) = 0, and 

H^-^oo},^) = %, 
as -representations. The latter is trivial as a T-representation. Further, 

H 2 c {F l - {0,oo},Q0 = F C 2 (P\QD = %(-l) 
is trivial as K^ m ' -representation by Lemma 15.11 From (|5,5p we have: 



%(^4^) ifr = 2, 
else. 
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From this and (IET2]) . (l5J3ll follows: 



H^-(X w (b),Qi) = c-Ind^ ro) l w ( £H ^ 1 ), and 

^H- + i ( ^( 6 ),^) = c-Ind^l^ ^-"- 3 ), 

and H r c (X w {b)Mi) = if r ^ £(w) - a,£(w) - a + 1. □ 

In particular, these representations are smooth, since they are compactly induced from 
the trivial representation of an open subgroup. We have the exact sequence of abelian 
groups: 

T(o F ) - T(F) z 2 0. 

Let i?Z 2 denote the regular representation of Z 2 . This means {e a ^: a,b 6 Z} is a Q^-basis 
of RL 2 , and Z 2 operates by translation on these basis vectors: (c, d).e a ^ = e a+c ^+d- 

We assume all occuring representations and characters of T(F) to be smooth. Further, 
since T(F) is abelian, every irreducible representation of T(F) is a character. 

Theorem 5.13. Let w £ W a such that X w (b) / 0. If r is such that H r c {X w (b)Mi) 
(i.e. r = if £(w) = a, and r = £(w) — a,£(w) — a + 1 if £{w) > a), then we have: 

H r c (X w (b),Qi) = mflP RZ 2 , 

as T(F) -representations. Let now x be a character ofT(F). 

(i) // £{w) = a, then 



Hom T(F) (ff c °(X M (6),Q0,x) 
(ii) If £(w) > a, then 

Rom T{F) (H^- a (X w (b),Wl),x) = 
Rom T(F) (H^~ a+ HX w (b),Wl),x) = 



}l if x unramified, 
else. 



-O + l— £(w) \ -r ■ £• 7 

v 2 ) y X unramified, 

else. 

il( a+3 2 ) if x unramified, 
else. 



Proof. All statements about the T-action follow from Proposition 15.121 similarly as in The- 
orem 15.71 Further, all non-zero cohomology groups are isomorphic to c — Ind r ^ ^ Iq^- as 
T(i ? )-representations. For any character x °£T(F), Frobenius reciprocity gives: 

t(f) I Q; if % unramified, 

Hom T(F) (c - Ind r \ %,x) = Hom T(0ir) (%, x) = < 

10 else. 

It remains to show that c — Ind^|^ 1^ = inf^a -RZ 2 . Since T(F) is abelian, Lemma 
15.141 below shows that T(o F ) operates trivially on c — Ind^^ 1^-. Hence c — Ind T ^ ^ 
is equal to an inflation of a representation from T(F)/T(o F ) = Z 2 . Now the matrices 
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(t a CM 
A with a,b e Z represent the left cosets in T(F)/T(o F ) and by [BH] 2.5 

Lemma a basis of c — IncLv \ is given by the functions 

1 (of) vi ° J 



e af> : T(F) Q h e a>b (x) 



1 if x € t(- a >- b ^T(o F ), 
else. 



For any x € T(op) and c,d £ Z, the element v&^x operates on e a ^ by translation: 
(£( c ' d ) x ■e a fi){y) = e a ,b(f>^ x y) = e a+c,6+d(2/) for any y G T(F). From this the result fol- 
lows. □ 

Lemma 5.14. Lei -fT C H be a normal subgroup of a locally profinite group. Then Indf %- 
is trivial as K -representation. 

Proof. Let k € K and / : H — > in Ind^ 1q-. Then we have for all x G ff: (kf)(x) = 
f(xk) = f{k'x) = k'f(x) = f(x) for some k' E K. □ 

5.6. The third case: cohomology of X w (b\). 

Proposition 5.15. Let w £ W a be such that X w {b\) ^ (compare Proposition 1 3. 1 5] ) . TTien 
we Ziaue t/ie following isomorphisms of J bl x T-modules: 



£ECM&i),q,) = 

Proof. From Proposition 14. 151 we have: 



r c -Ind^%(^) tfr = *(«;) 



e/se. 



H^X^h),^) = H r c ( XI A £ ^,Q z ) = c-Ind^ i ^(A £ ^ 1 



Jbi/Hbi 

Now (I5.2p implies: 



^(A^,Q Z ) = ^(-)({pt},Q,(-^)) 



r %(^) if r = *(«), 
else. 



□ 



In particular all these representations are smooth, since they are compactly induced from 
an open subgroup (or zero). 

5.7. The representations Hi iw \x w {h),<Qi). At first, we recall briefly some facts about 
the multiplicative group J bl of the quaternion algebra over F. For all facts presented here 
we refer to [BH] 53, 54. Recall that E denotes the unramified extension of F of degree two 
contained in L. Let 

-{(:: ( ( : ) ,)— } 
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be the corresponding quaternion algebra. Thus we have = D x = D\{0}. The reduced 
norm on D is given by the determinant: 

Nrd = det : D -> F, I ° ; | J ^ aa(a) - tar(c). 

\tc a(a) I 

Its restriction to D x gives a surjective homomorphism det : D x — > F x . The map 

vjj '. x i — > vd{x) := t>L(det(a;)) 

defines a discrete valuation on .D and we have the corresponding valuation ring and the 
group of units in it: 

O = {x € D: v D (x) > 0} and U D = O x = {x G D : v D (x) = 0}. 

The group C/q is normal, compact and open subgroup of D x . By definition, we have: 

Hbi = Un- 
it we speak of a representation of -D x or F x , we mean a smooth representation. Let 
X be a character of F x . Then xd '■= X ° det is a character of D x . If x ranges over all 
characters of F x , then xd ranges over all characters of D x ( [BH] 53.5). The characters 
Xd ar e exactly the one-dimensional representations of D x . Further, if tt is an irreducible 
representation of D x , then tt is finite-dimensional ( [BH] 54.1). 

We have the projection D x -» D x /Ud — Let KL denote the regular representation 
of Z. 

Lemma 5.16. Let w € W a such that X w {b\) ^ 0. Then 

H^(X w (bx)^) = wig* KL 
as D x -representations. Further if tt is an irreducible representation of D x with 

Ko™ D x{H^{X w {b x )Ml)^) + 0, 
then Up C Ker(7r). In particular tt is one- dimensional and unramified. 

Proof. Since Ud is normal in D x , Lemma 15.141 shows that c — Ind^ D 1q- is trivial as 
U o-representation. A similar computation as in the proof of Theorem 15.131 shows that 

If a : c - Indg^ % — > tt is some non-zero homomorphism, then a is surjective, since tt 
is irreducible. Hence tt must be trivial on Ud- Hence tt is the inflation of some irreducible 
representation of Z. Since Z is abelian, this representation must be one-dimensional. Thus 
tt is one-dimensional. □ 

Summarizing the results, we get the following 

Theorem 5.17. Let w G W a such that X w (bi) / 0. Then 

as D x -representations. 
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(i) Let x be a character of F x . Then 



„ x I 0/(— ^v^) if y unramified, 

I etee. 

(ii) Le£ 7r 6e an irreducible representation of D x of dimension > 2. Then 

l(w) 

Hom D x(# c 2 (X w (bi),Qi),7r) =0. 

Proof. The first statement was already proven in Lemma 15.161 All statements about the 
T-action follow from Proposition 15. 15l as in Theorem 15.71 To prove (i), notice that Frobenius 
reciprocity implies: 

Rom DX (H^ w \X w (b 1 ),Qi),XD) = Hom D x (c - Ind#* %,Xz>) = Hom^l^-, xr>) = 

if x ° det \ Ud = %, 
else. 

But since det is surjective and Ud = det~ 1 (o^,), we have det(C/o) = Op- This implies: 
X o det = 1q- if and only if x is unramified. 

(ii) follows directly from Lemma 15.161 □ 
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